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ABSTRACT
R eductive  o p e r a t o r s  a r e  t h e  p r i n c i p a l  co n cern  o f  
t h i s  d i s s e r t a t i o n .  The m ost im p o r ta n t  problem  c o n c e rn in g  
r e d u c t iv e  o p e r a to r s  i s  t h a t  o f  d e te rm in in g  w h eth e r  o r  n o t  
ev e ry  r e d u c t iv e  o p e r a t o r  i s  n o rm a l .  I n  C h a p te r  I  we show 
t h a t  a  r e d u c t iv e  o p e r a t o r  A i s  no rm al i f  f(A) i s  no rm al 
f o r  some a n a l y t i c  f u n c t i o n  f  on {z: | z |  < ||A||) . I t  i s  
a l s o  shown t h a t  r e d u c t i v e  q u a s in o rm a l  o p e r a t o r s  a r e  n o rm a l.  
C oncern ing  th e  sp ec tru m  o f  a  r e d u c t iv e  o p e r a t o r  A , we 
p rove  t h a t  a (a )  = 7r(A) , th e  ap p ro x im a te  p o i n t  sp e c tru m  
o f  A . An example i s  g iv e n  t o  show t h a t  th e  s e t  o f  r e ­
d u c t iv e  o p e r a t o r s  on  an i n f i n i t e - d i m e n s i o n a l  H i l b e r t  sp ace  
i s  n o t  c lo s e d  i n  th e  s t r o n g  o p e r a t o r  to p o lo g y .
C hap ter I I  i s  d e v o te d  t o  th e  s tu d y  o f  in v e r s e s  o f  
r e d u c t iv e  o p e r a t o r s .  We show t h a t  i f  A i s  r e d u c t i v e  and 
i f  0 i s  i n  t h e  unbounded component o f  th e  r e s o l v e n t  s e t  
p(A) , th e n  A-1  i s  r e d u c t i v e .  T h is  r e s u l t  i s  u se d  to  
d em o n s tra te  t h a t  t h e  b i l a t e r a l  s h i f t  i s  a  d i r e c t  sum o f
i v
Vtwo r e d u c t iv e  o p e r a t o r s .  We a l s o  show t h a t  a r e d u c t i v e  
o p e r a t o r  A i s  norm al i f  and on ly  i f  A © A i s  r e d u c ­
t i v e ,  th u s  o b ta i n i n g  a new e q u iv a le n c e  t o  th e  i n v a r i a n t  
su b sp ace  c o n j e c t u r e .
I n  C h a p te r  I I I  we i n v e s t i g a t e  pow ers ( p o s i t i v e  and 
n e g a t iv e )  o f  r e d u c t i v e  o p e r a t o r s .  W ith  v a r i o u s  r e s t r i c ­
t i o n s  on th e  sp ec tru m  o f  an  o p e r a to r  A , we show t h a t  
A i s  r e d u c t iv e  i f  An i s  r e d u c t iv e  and t h a t  An i s  r e ­
d u c t iv e  i f  A i s  r e d u c t i v e .
C h ap te r  IV i s  c h i e f l y  concerned  w i th  q u a s i n i l p o t e n t  
o p e r a t o r s  and t h e i r  i n v a r i a n t  su b sp a c e s .  T h is  d e p a r t s  
o n ly  s l i g h t l y  from  th e  t o p i c  o f  r e d u c t i v e  o p e r a t o r s ,  b e ­
ca u se  any t r a n s i t i v e  o p e r a to r  i s  r e d u c t i v e .  We show t h a t  
a  q u a s i n i l p o t e n t  o p e r a to r  A has a  p r o p e r  i n v a r i a n t  su b ­
space  i f  and o n ly  i f ,  f o r  some n o n -z e ro  v e c t o r s  x and 
y , th e  a n a l y t i c  f u n c t io n  \  "* ( ( \ -A )  ” 'I'x ,y )  on C \  {0} 
h a s  a  p o le  a t  \  = 0 .
INTRODUCTION
T h is  s e c t i o n  i n t r o d u c e s  m ost o f  th e  n o t a t i o n  and 
c o n v e n tio n s  u s e d  i n  th e  re m a in d e r  o f  th e  t e x t .  I t  a l s o  
m en tio n s  m ost o f  t h e  b ack g ro u n d  knowledge w hich w i l l  be 
r e q u i r e d  o f  t h e  r e a d e r .
The sym bols Z , Z+ , R and C w i l l  d en o te  th e
s e t s  o f  i n t e g e r s ,  p o s i t i v e  i n t e g e r s ,  r e a l  numbers and com­
p le x  numbers r e s p e c t i v e l y .  I f  A. e C , th e n  X w i l l  
d en o te  t h e  c o n ju g a te  o f  X .
A H i l b e r t  sp ace  H w i l l  a lw ays be a  complex H i l b e r t
sp a c e .  The i n n e r  p r o d u c t  o f  two v e c t o r s  x and y i n  
H w i l l  be d en o ted  by (x:,y) and \|x|| w i l l  d en o te  th e  
norm o f  th e  v e c t o r  x . A u n i t  v e c to r  i s  a v e c t o r  x 
such  t h a t  ||x|J = 1 .
By an o p e r a t o r  A on a  H i l b e r t  sp ace  H , we w i l l  
mean a c o n t in u o u s  l i n e a r  t r a n s f o r m a t i o n  o f  H i n t o  i t s e l f .  
The a d j o i n t  o f  an o p e r a t o r  A on H w i l l  be d e n o te d  by 
A , so (A x,y) = (x ,A  y )  f o r  a l l  v e c t o r s  x and y  i n
1
211 . The symbol I  r e p r e s e n t s  th e  i d e n t i t y  o p e r a to r  on 
H , t h a t  i s  I x  = x f o r  a l l  v e c to r s  x e H . For con­
v e n ie n c e  we w i l l  use  ( \ -A )  t o  r e p r e s e n t  th e  o p e r a to r  
( \* I -A )  . I f  A i s  an o p e r a t o r  on H and i f  t h e r e  e x i s t s  . 
an  o p e r a t o r  B on H such  t h a t  BA = AB = I  , th e n  we 
say  t h a t  A i s  i n v e r t i b l e  and t h a t  B i s  th e  in v e r s e  o f  
A , w r i t t e n  B = A~^ . The symbol UAH w i l l  d eno te  th e  
o p e r a t o r  norm o f  th e  o p e r a t o r  A on H , t h a t  i s ,
||A|| = sup {||Ax|| : x e H , ||x|| = 1} . The symbol B(H) d e ­
s i g n a t e s  th e  s e t  o f  a l l  o p e r a t o r s  on H .
We w i l l  assume t h a t  th e  r e a d e r  i s  f a m i l i a r  w i th  t h e  
u n ifo rm , s t r o n g  o p e r a to r  and weak o p e r a to r  to p o lo g ie s  on 
B(H) . The u n ifo rm  to p o lo g y  on B(H) i s  th e  to p o lo g y  g e ­
n e r a t e d  by a l l  s e t s  o f  th e  form N(A$e) = {b e B (H ): ||B-A||. < e} 
where e > 0 . The s t r o n g  o p e r a t o r  to p o lo g y  on B(H) i s  
th e  to p o lo g y  g e n e r a te d  by a l l  s e t s  o f  th e  form
N(A;x1 , • • *,x n ; e) = {B e B(H) s|| (B-A)x±|| < e , i = l , 2, • • • ,n}
w here e > 0 , n  e z+ and x i****>xn a re  a r b i t r a r y  v e c ­
t o r s  i n  H . The weak o p e r a t o r  to p o lo g y  on B(H) i s  t h e  
to p o lo g y  g e n e ra te d  by a l l  s e t s  o f  th e  form
N(A; Xx , • • * ,x n ; yx , • • * ,y n ; e) = (b e b (H): | ( (B-A)xjL, y i ) | < e , 
i  = 1 , 2 , • • • ,n }  where e > 0 , n  e Z+ and
• • *,xn ,y 1 , • • *,yn  a r e  a r b i t r a r y  v e c t o r s  i n  H . The 
s t r o n g  o p e r a to r  to p o lo g y  i s  s t r o n g e r  th a n  th e  weak 
o p e r a t o r  to p o lo g y  and w eaker th a n  th e  u n ifo rm  to p o lo g y . 
F u r th e r  d i s c u s s io n  on th e s e  can  be found  i n  [ 5 ] ,  [ 6 ]*
[ 7 ] j [1 2 ] o r  [ 1 6 ] .
A l i n e a r  m a n ifo ld  Vi o f  H i s  a  s u b s e t  o f  H w h ich  
i s  c lo s e d  under  th e  o p e r a t i o n s  o f  v e c t o r  a d d i t i o n  and 
s c a l a r  m u l t i p l i c a t i o n .  A su b sp a c e  o f  H i s  a  c lo s e d  
l i n e a r  m a n ifo ld  o f  H . I f  jf i s  a  s u b s e t  o f  H ,
V [x :x  e X )  w i l l  d en o te  th e  l i n e a r  m a n ifo ld  g e n e ra te d  by 
X  and V (x :x  e x } w i l l  d e n o te  t h e  su b sp a ce  g e n e ra te d  by 
X  . The symbol X  w i l l  d e n o te  t h e  c l o s u r e  o f  th e  s e t  X • 
A lso ,  f o r  any s u b s e t  X  o f  H , X x w i l l  d en o te  th e  
o r th o g o n a l  complement o f  X , t h a t  i s ,  X*~ = (y e H : ( x ,y )
= 0 f o r  a l l  x e X 3 . X x i s  a lw ays a  subspace  o f  H .
The su b sp aces  (0} and H a r e  c a l l e d  th e  t r i v i a l  su b ­
sp a ce s  o f  H and a l l  o t h e r s  a r e  c a l l e d  p r o p e r  su b sp a c e s .
A subspace  Vi o f  H i s  i n v a r i a n t  f o r  an o p e r a to r  A i f
[Ax:x e Vi) c  Vi . We say  t h a t  Vi r e d u c e s  A i f  Vi i s
*
i n v a r i a n t  f o r  b o th  A and A o r ,  e q u i v a l e n t l y ,  i f  b o th  
Vi and Tn1' a r e  i n v a r i a n t  f o r  A . The r e s t r i c t i o n  o f  an  
o p e r a t o r  A to  an i n v a r i a n t  su b sp a ce  Vi i s  d en o ted  by
An o p e r a to r  A i s  H e rm it ia n  i f  A = A , norm al i f
*X* *X*
AA = A A , i s o m e t r i c  i f  ||Ax|| = ||x|| f o r  a l l  x € H ,
•X* •X*
and u n i t a r y  i f  AA = A A = I  . I f  A i s  d e f in e d  and
i s o m e t r i c  on a  dense su b sp a ce  o f  H and i f  th e  r a n g e  o f
A i s  dense i n  H , th e n  A has a  un ique e x t e n s io n  to
a  u n i t a r y  o p e r a t o r  on H . A p r o j e c t i o n  i s  an o p e r a to r
*  2A w hich  s a t i s f i e s  A = A = A . A i s  s a id  to  b e  q u a s i -
*
norm al i f  A commutes w i th  A A , and r e d u c t iv e  i f  e v e ry  
i n v a r i a n t  su b sp ace  f o r  A red u ce s  A . A t r a n s i t i v e  
o p e r a t o r  i s  an o p e r a t o r  w hich  has no p ro p e r  i n v a r i a n t  s u b -  
s p a c e s .  C l e a r ly  e v e ry  o p e r a t o r  on a  o n e -d im e n s io n a l  
H i l b e r t  sp ace  H i s  t r a n s i t i v e  - and th e s e  a r e  t h e  o n ly  
known exam ples . O p e ra to rs  w hich  a r e  n o t  t r a n s i t i v e  a re  
c a l l e d  i n t r a n s i t i v e .  A com pact o p e r a to r  i s  an  o p e r a t o r  
w h ich  maps any bounded sequence  o f  v e c to r s  t o  a s e t  w i t h  
a  c o n v e rg e n t  su b se q u en c e . Every o p e r a to r  on a  f i n i t e  - 
d im e n s io n a l  H i l b e r t  space  i s  com pact.
A norm al p a r t  o f  an o p e r a t o r  A i s  th e  r e s t r i c t i o n  
o f  A to  a  r e d u c in g  su b sp ace  on w hich i t  i s  n o rm a l.  An 
o p e r a t o r  i s  s a i d  t o  be n o r m a l - f r e e  i f  i t  has no no rm al 
p a r t .
We l e t  71(A) = (x e H: Ax = 0} , th e  n u l l - s p a c e  o f  
A , and we l e t  /?(A) = {Ax:x e H) , th e  range  o f  A .
The r e l a t i o n s h i p s  71(A) = /?(A ) A and /?(A) = 7l(A ) a r e
v a l i d  f o r  any o p e r a t o r  A on H .
5The spec trum  o f  A , o(A) ,  i s  {X e C: (x-A) i s  
n o t  i n v e r t i b l e )  . The r e s o l v e n t  o f  A ,  p(A) , i s  th e  
complement o f  a (A) . The o p e r a t o r - v a lu e d  f u n c t i o n  
^ -» (X-A)’"’1' d e f in e d  on p (A) i s  c a l l e d  th e  r e s o l v e n t  
f u n c t io n  o f  t h e  o p e r a to r  A . F o r  any p a i r  o f  v e c t o r s  
x and  y i n  H , th e  f u n c t io n  X •* ( (X -A )_1x ,y )  i s  
an a n a l y t i c  f u n c t io n  on P (A) , hence we sa y  th e  
r e s o l v e n t  f u n c t io n  i s  a n a l y t i c  on p(A) .
F o llo w in g  Dunford and Schw artz ,([7]*  P. 580 ) we de­
f i n e  0p (A) = (X € o(A): 7*(X-A) £  (0)} ,
or (A) = {X e 0 (A): fl(X-A) = (0) and  /?"(x-A) ^  H) ,
and ac (A) = (X 6 a (A ): 7?(x-A) = (0) and /?(X-A) = H) .
The s e t s  a (A) , a (A) and a (A) are  c a l l e d ,  r e s p e c t i v e l y ,  th e
P  • x C
p o i n t  sp ec tru m , r e s i d u a l  sp ec tru m  and c o n t in u o u s  sp e c tru m  
o f  A . C le a r ly  cr (A) , a (A) and a (A) a r e  d i s j o i n t
p  r  w
< •x*s e t s  whose u n io n  i s  a (A) . A lso  a„(A ) c  a (A ) becauseJr
^ ( A ) x = 7{{A ) . An e ig e n v a lu e  o f  A i s  a number 
X e 0^ (a )  , t h a t  i s  a number x such t h a t  (X-A)x = 0
f o r  some u n i t  v e c to r  x e H , and t h i s  v e c t o r  i s  c a l l e d
an e i g e n v e c to r  o f  A c o r re sp o n d in g  t o  t h e  e ig e n v a lu e  X .
A number X e a (A) i s  c a l l e d  an a p p ro x im a te  e ig e n v a lu e  
o f  A i f  t h e r e  e x i s t s  a  sequence (*n 3 v e c t o r s  in  
H such  t h a t  ||xn || = 1 f o r  e a c h  n a n d  ||(X-A)xn || 0 .
The s e t  o f  a l l  a p p ro x im a te  e ig e n v a lu e s  o f  A w i l l  be d e ­
n o te d  by tt(A) and w i l l  be c a l l e d  th e  ap p ro x im a te  p o in t  
sp e c tru m  o f  A .
An o p e r a t o r  A i s  s a i d  to  be n i l p o t e n t  i f  An = 0
i ,
f o r  some n  e Z , and q u a s i n i l p o t e n t  i f  a (A) = (0) .
A v e c t o r  x  £ H i s  c a l l e d  a  c y c l i c  v e c t o r  f o r  an 
o p e r a t o r  A on H i f  V(Anx :n  e Z+ o r  n=0) = H . The
commutant o f  an o p e r a t o r  A on H i s  (A) * =
= (B e B(H): BA = AB and BA* = A*B} . B. Fug lede  [9 ]  
h a s  shown t h a t  i f  A i s  norm al and . BA = AB , th e n  a l s o  
BA = A B . Thus f o r  a no rm al o p e r a to r  A on H we have 
{A)‘ = (B e B(H): BA = AB) . A s u b a lg e b ra  Ot o f  B(H) 
i s  c a l l e d  a  * - s u b a lg e b ra  o f  B(H) (o r  s im ply  a * - a lg e b r a )  
i f  A e Ot im p l ie s  A * e Ot . An e lem en t A o f  a * - s u b -  
a l g e b r a  Ot o f  B(H) i s  c a l l e d  a  p o s i t i v e  e lem en t o f  Ot 
i f  A = B*B f o r  some B e o t .  For any o p e r a to r  A ,
(A ) ' i s  a  * - a l g e b r a  and i s  c lo s e d  in  th e  weak o p e r a t o r  
to p o lo g y .
A c o n t in u o u s  l i n e a r  f u n c t i o n a l  on an a l g e b r a  Ot i s  
a  c o n t in u o u s  l i n e a r  m apping from Ot i n t o  C . A p o s i t i v e  
c o n t in u o u s  l i n e a r  f u n c t i o n a l  f  on a  * - a lg e b r a  o t  s a t i s ­
f i e s  t h e  a d d i t i o n a l  c o n d i t i o n  t h a t  f(A) > 0 whenever A
i s  a  p o s i t i v e  e lem e n t o f  Ot • I f  O t i s  a  com m utative
u n i fo rm ly  c l o s e d  * - s u b a lg e b r a  o f  B(H) c o n ta in in g  I  and
:i.r j? i s  a maximal i d e a l  i n  (JL , th e n  th e  f a c t o r  r i n g  
O t/J  i s  i s o m e t r i c a l l y  iso m o rp h ic  t o  C . Thus each 
maximal i d e a l  J  d e te rm in e s  a  c o n t in u o u s  l i n e a r  fu n c ­
t i o n a l  on ot . The sp ace  M o f  a l l  maximal i d e a l s  o f
Ot i s  a  c lo s e d  s u b s e t  o f  t h e  u n i t  b a l l  o f  t h e  d u a l  o f
Ot and  i s  th u s  a compact H a u s d o r f f  sp a ce  i n  t h e  r e l a t i v e  
■weak to p o lo g y .  M oreover, 01 i s  i s o m e t r i c a l l y  iso m o rp h ic
t o  th e  a lg e b r a  C(M) o f  a l l  c o n t in u o u s  com plex-va lued
f u n c t io n s  on M . The i s o m e t r i c  isom orph ism  from Ot* 
t o  C(M) i s  c a l l e d  th e  G e lfan d  t r a n s f o r m  and th e  symbol 
^(m) d e n o te s  th e  image o f  an  o p e r a t o r  A e O t . P ro o fs  
o f  t h e  f a c t s  s t a t e d  above and  f u r t h e r  in f o rm a t io n  on t h i s  
t o p i c  can be found  in  Naimark [1 6 ] o r  D unford  and Schw artz
A nother n o n - t r i v i a l  r e s u l t  we w i l l  assume i s  th e  
s p e c t r a l  theorem  f o r  norm al o p e r a t o r s .  A good e x p o s i t io n  
o f  t h i s  may be found i n  Halmos [ 1 0 ] .  The theo rem  s t a t e s  
t h a t  ev e ry  norm al o p e r a to r  A on H has  a  r e p r e s e n t a -
s e t  A c  C , E(A) i s  a  p r o j e c t i o n  i n  B(H) , E(C) = I  ,
00 00 M  
E( u A ) = £ E(A ) w henever C^v,)v,_i i s a  d i s j o i n t  s e -  
n = l  n  n = l n x
quence o f  B o re l  s u b s e ts  o f  C , and E(A^)E(Ag) = 0 
w henever A-^  fl Ag = 0  . M oreover, i f  BA = AB th e n
[ 7 ] ,  V o l.  I I
t i o n  o f  th e  form w here , f o r  ea ch  B o re l
C
I»:(A) l.i BE(A) f o r  ev e ry  B o re l  s u b s e t  A o f  C . I n  p a r ­
t i c u l a r ,  e a c h  p r o j e c t i o n  E(A) commutes w i th  A i t s e l f .  
I f  t h e  o n ly  v a lu e s  o f  E(A) a r e  I  and 0 th e n  A i s  
a  m u l t i p l e  o f  I  . The f a m i ly  o f  p r o j e c t i o n s  {E(a ) 3 i s  
c a l l e d  th e  s p e c t r a l  fa m ily  o f  t h e  no rm al o p e r a t o r  A .
I f  f  i s  a  co m p lex -v a lu ed  f u n c t io n  w hich  i s  d e f in e d  
and a n a l y t i c  on a  n e ig h b o rh o o d  V, o f  a (A) f o r  some 
o p e r a t o r  A e B(H) we w i l l  s im p ly  say t h a t  f  i s  an a ­
l y t i c  on o(A) . The s e t  F^ w i l l  be th e  s e t  o f  a l l  
f u n c t io n s  a n a l y t i c  on a (A) (where th e  n e ig h b o rh o o d  
depends on th e  f u n c t i o n ) . I f  f  e F^ we can  f i n d  a  r e c ­
t i f i a b l e  J o r d a n  cu rve  r  i n  14 w hich  c o n ta in s  a (A) i n  
i t s  i n t e r i o r  and d e f in e  an o p e r a t o r  f(A ) i n  B(H) by 
th e  fo rm u la
f(A) = S T  I
T
w here dx d e n o te s  Lebesgue m easure  on t h e  complex p la n e .  
(Note t h a t  r  i s  a  p o s i t i v e  d i s t a n c e  from a(A) s in c e  
T and a(A) a r e  d i s j o i n t  com pact s e t s . )  A lso , th e  
o p e r a t o r  f(A ) so d e f in e d  i s  in d e p e n d e n t  o f  th e  p a r t i ­
c u l a r  c u rv e  r  chosen  b e c a u se  th e  r e s o l v e n t  f u n c t io n  
\  -* ( \ - A ) - 1  i s  a n a l y t i c  on p(A) and th e  Cauchy i n t e g r a l  
theo rem  i s  v a l i d .  The c o rre sp o n d e n c e  from F^ i n t o  
B(H) d e f i n e d  above h as  th e  fo l lo w in g  p r o p e r t i e s :
9(1 )  i f  f(X ) h 1 th e n  f(A) = I  ; ( 2 ) i f  f ( \ )  = \
th e n  f(A ) = A; (3 ) i f  f(X ) = a ^ f ^ X )  + a 2±'2 (X) w here
f - ^ f g  e PA > a l , a 2 6 0 '  th e n  f  G FA and  f (A) =
= c ^ f ^ A )  + a 2f 2 (A) i (4) i f  f(X-) = f 1 (X )f2 (X) where
f l , f 2 € FA ’ th e n  f  6 FA ^  f (A ) = f l ( A) f 2^A) 5 
and ( 5 ) i f  th e  sequence  ( f n ( x )3 co n v e rg es  u n i fo rm ly  to
f ( \ )  i n  some n e ig h b o rh o o d  M o f  a(A) and f  e f a
f o r  each  n  , th e n  f  e F^ and th e  sequence  ( f  (A)'} 
c o n v e rg es  i n  t h e  u n ifo rm  to p o lo g y  to  f(A ) . I n  p a r t i ­
c u l a r ,  i f  f  i s  a  p o ly n o m ia l  i n  X , th e n  f(A ) i s  
th e  c o r r e s p o n d in g  p o ly n o m ia l  i n  A . T h is  p ro c e d u re  o f  
c o n s t r u c t i n g  a n a l y t i c  f u n c t io n s  o f  an o p e r a t o r  w i l l  be 
r e f e r r e d  t o  a s  th e  o p e r a t i o n a l  c a l c u l u s .  Some good 
s o u rc e s  o f  i n f o r m a t io n  on th e  o p e r a t i o n a l  c a l c u l u s  a r e  
D unford  and S chw artz  [ 7] , L orch  [15] and Naim ark [ 1 6 ] .
F i n a l l y ,  th e  r e a d e r  may f i n d  i t  h e l p f u l  t o  have a t  
l e a s t  a  vague i d e a  o f  th e  co n c ep t o f  a  d i r e c t  i n t e g r a l .  
For t h i s  t h e  r e a d e r  i s  r e f e r r e d  t o  Naimark [ 1 6 ] ,  D ixm ier 
[ 5 ] ,  o r  P e d e rs e n  [ 1 7 ] .
CHAPTER I  
THE REDUCTIVE OPERATOR CONJECTURE
R e d u c t iv e  o p e r a t o r s ,  a s  m en tioned  i n  t h e  i n t r o d u c ­
t i o n ,  a r e  o p e r a t o r s  f o r  w hich  e v e ry  i n v a r i a n t  subspace  
i s  a  r e d u c in g  su b sp a c e .  The name ' ‘ r e d u c t i v e  o p e r a t o r ' 1 
i s  o f  r e c e n t  o r i g i n  and was s u g g e s te d  by P au l  Halmos.
I n  e a r l i e r  l i t e r a t u r e  t h e s e  o p e r a t o r s  have t r a v e l e d  u nder  
t h e  names o f  ' ' c o m p l e t e l y  no rm al o p e r a t o r s * ' ,  a s  in  
Dyer and P o r c e l l i  [ 8]3 ' ' o p e r a t o r s  w i th  p r o p e r ty  (P ) ' 1 
as  i n  Wermer [ 2 3 ] ;  o r  s im ply  a s  11 o p e r a t o r s  f o r  w hich 
e v e ry  i n v a r i a n t  su b sp ace  i s  r e d u c i n g '1, a s  i n  S a raso n  [ 2 0 ] ,  
The f i r s t  p r o p o s i t i o n  below i s  v e ry  e lem e n ta ry  and 
i t s  p r o o f  w i l l  be o m i t te d .
P r o p o s i t i o n  1 . 1 . The fo l lo w in g  a r e  e q u iv a le n t  f o r  A e B(H):
(a )  A i s  r e d u c t i v e .
•x*
(b) A i s  r e d u c t i v e .
(c )  I f  a  su b sp ace  % i s  i n v a r i a n t  f o r  A , so i s  .
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(<1) A subspaec ' 7I\ i s  i n v a r i a n t  f o r  A i f f  i t  i s  i n v a ­
r i a n t  f o r  b o th  o f  th e  H erm itian  p a r t s  o f  A .
(e)  A.-A i s  r e d u c t iv e  f o r  some A e C .
( f )  A-A i s  r e d u c t iv e  f o r  a l l  A e c .
(g) AA i s  r e d u c t iv e  f o r  some n o n -z e ro  A e C .
(h) AA i s  r e d u c t iv e  f o r  a l l  A e C .
I n  p a r t i c u l a r ,  we n o te  t h a t  th e  s e t  o f  r e d u c t i v e  
o p e r a t o r s  i s  c lo s e d  under th e  o p e r a t io n s  o f  t r a n s l a t i o n ,  
s c a l a r  m u l t i p l i c a t i o n  and th e  t a k in g  o f  a d j o i n t s .
P r o p o s i t i o n  1 . 2 . I f  A e B(H) and th e  sub sp a c e  %. r e -
•X* <}f
duces A , th e n  A ^  = (A |^) .
P r o o f . I f  x ,y  e % , th e n  (A * |^ x ,y )  = (A *x,y) = (x,Ay) =
= (x ,A |^ y )  . S ince  x and y a r e  a r b i t r a r y  i n  ^  , we
have (A |r )*  = A * |^  .
P r o p o s i t i o n  1 . 3 . I f  A i s  r e d u c t iv e ,  th e n  crr (A) = 0  .
P r o o f . Suppose a € or (A) . Then ^(x -A ) = (0 )  and
/?(A-A) i s  n o t  dense in  H . Hence {0) 0  /?(A-A)x =
^  •X*
-  ) and so th e r e  i s  a  v e c to r  x /  0 i n  A) )
I t  f o l lo w s  t h a t  A*x = \ x  and 7f[ = V{x) i s  i n v a r i a n t  f o r  
A . By P r o p o s i t i o n  1 .1 ( b ) ,  A i s  r e d u c t i v e  so i s
•X* •X’ — »
a l s o  i n v a r i a n t  f o r  A . A lso , (A|^ )  = A l?7| "  =
= (A * I |^ )*  so A = A *1 on % . Thus we have A e CTp ( A) >
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a c o n t r a d i c t i o n  b e c au se  ar (A) and °p(A) a r e  d i s j o i n t .
We th u s  c o n c lu d e  t h a t  a r (A) = 0 .
H e rm i t ia n  o p e r a t o r s  a r e  c l e a r l y  r e d u c t i v e  b ecau se
• f tA = A . Normal o p e r a t o r s  n eed  n o t  be r e d u c t i v e  as  i s  
shown by t h e  f o l lo w in g  example:
Example 1 . 4 . L e t  H be a s e p a r a b le  i n f i n i t e - d i m e n s i o n a l  
H i l b e r t  sp a c e  and l e t  ( en :n  e z 3 be an o r th o n o rm a l  b a s i s  
f o r  H . L e t  U be th e  o p e r a to r  on H d e f in e d  by 
i*en  = en+1 f o r  n  e Z . The a d j o i n t  ty* o f  U i s  th e
• f to p e r a t o r  d e f i n e d  by H en  = en _-j_ f o r  n  e z , and  % i s
•ft ftc a l l e d  a  b i l a t e r a l  s h i f t  on H . We have KU = V. l( = I  
so V. i s  n o rm a l ( u n i t a r y ,  i n  f a c t ) .  However, V. i s  n o t  
r e d u c t i v e  b e c a u s e  ev e ry  su b sp ace  o f  t h e  form  V{e^, ejc+i i  * ’ * 3
• f t
i s  i n v a r i a n t  f o r  U b u t  n o t  f o r  U
We saw t h a t  o u r  example above w as, i n  f a c t ,  a  u n i t a r y  
o p e r a t o r .  I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  t h i s  i s ,  i n  a  
s e n s e ,  t h e  o n ly  example o f  a  u n i t a r y  o p e r a t o r  w hich i s  n o t  
r e d u c t i v e .  Jo h n  Wermer has  shown i n  [2 3 ]  t h a t  a  u n i t a r y  
o p e r a t o r  i s  r e d u c t i v e  i f f  i t  does n o t  have a  r e d u c in g  su b -  
sp a ce  on w h ich  i t  a c t s  l i k e  a  b i l a t e r a l  s h i f t .
The s t a t e m e n t  t h a t  ev e ry  r e d u c t iv e  o p e r a t o r  i s  norm al 
i s  an  open q u e s t i o n ,  w hich  we s h a l l  r e f e r  t o  a s  t h e  r e ­
d u c t iv e  o p e r a t o r  c o n j e c t u r e .  T. Ando h as  shown i n  [1 ]  t h a t
a  compact o p e r a t o r  i s  r e d u c t i v e  i f f  i t  i s  n o rm a l.
A no ther  open q u e s t i o n ,  more w id e ly  known th a n  th e  
r e d u c t i v e  o p e r a to r  c o n j e c t u r e ,  i s  th e  s ta te m e n t  t h a t  
e v e ry  o p e r a t o r  on a  H i l b e r t  sp a ce  o f  d im ension  g r e a t e r  th a n  
1 has a  p ro p e r  i n v a r i a n t  su b sp a c e .  T h is  we s h a l l  r e f e r  
t o  a s  th e  i n v a r i a n t  su b sp ace  c o n j e c t u r e .
I n  th e  e a r l y  I9 3 0 » s  J .  von Neumann p ro v e d  (b u t  d id  
n o t  p u b l i s h )  th e  r e s u l t  t h a t  e v e ry  compact o p e r a t o r  on a  
H i l b e r t  sp ace  o f  d im ension  g r e a t e r  th a n  1 has  a  p r o p e r  
i n v a r i a n t  su b sp a c e .  T h is  was l a t e r  e x te n d e d  to  a r b i t r a r y  
Banach sp a ces  by N. A ro n s z a jn  and K. T. S m ith  [ 2 ] ,  More 
r e c e n t l y  i t  has  been  shown t h a t  p o ly n o m ia l ly  compact o p e r ­
a t o r s  have p ro p e r  i n v a r i a n t  su b sp a c e s  ( c f .  B e r n s te in  and 
R obinson  [ 3 ] ,  Halmos [ 1 0 ] ) .  An ea sy  g e n e r a l i z a t i o n  o f  
t h i s  i s  th e  f a c t  t h a t  e v e ry  a n a l y t i c a l l y  compact o p e r a to r  
has  a  p ro p e r  i n v a r i a n t  su b sp a c e .  Some o t h e r  r e s u l t s  i n  
t h i s  d i r e c t i o n  can  be found  i n  C h e rn o f f  and Feldman [ 4 ] .
John  Dyer and P a sq u a le  P o r c e l l i  have p ro v en  th e  f o l ­
lo w in g  rem a rk a b le  r e s u l t  [ 8 ] :
Theorem 1 . 5 . The f o l lo w in g  two s ta te m e n ts  a r e  e q u i v a l e n t :
(a )  The r e d u c t iv e  o p e r a t o r  c o n j e c t u r e  i s  t r u e .
(b) The i n v a r i a n t  su b sp ace  c o n j e c t u r e  i s  t r u e .
I t  i s  ea sy  t o  show t h a t  (a )  =* (b) . Suppose t h a t
(b) i s  f a l s e .  Then we have a  t r a n s i t i v e  o p e r a to r  A on 
a  H i l b e r t  sp a ce  II o f  d im ension  g r e a t e r  th a n  1 .
C l e a r ly  A i s  r e d u c t i v e  b e c a u se  i t s  on ly  i n v a r i a n t  su b ­
sp a c e s  a r e  (0 )  and H . However, A i s  n o t  norm al 
b ec au se  no rm al o p e r a t o r s  a r e  n o t  t r a n s i t i v e  (by th e  s p e c ­
t r a l  th eo rem  f o r  no rm al o p e r a t o r s ,  f o r  exam ple). Hence 
(a )  i s  f a l s e .
The p r o o f  o f  th e  c o n v e rse  i s  more d i f f i c u l t  and r e ­
q u i r e s  some knowledge o f  d i r e c t  i n t e g r a l  th e o ry .  Some good 
r e f e r e n c e s  on t h i s  s u b j e c t  a r e  P e d e rs e n  [17] and D ixm ier 
[ 5 ] .  B e fo re  i n d i c a t i n g  th e  p r o o f  t h a t  (b) => (a) i n  
Theorem 1 .5 ,  we w i l l  p a u se  t o  d ev e lo p  some n e c e s s a r y  ma­
c h i n e r y .  F i r s t  we n o te  t h a t ,  i n  a t t a c k i n g  th e  r e d u c t iv e  
o p e r a t o r  c o n j e c t u r e ,  i t  s u f f i c e s  t o  c o n s id e r  o n ly  r e d u c t i v e  
o p e r a t o r s  A w i th  a  c y c l i c  v e c t o r  . T his  s i m p l i f i c a -  
t i o n  i s  p o s s i b l e  b e c a u se  V[A ? 0 :n  e Z U [0}) re d u c e s  A 
and A i s  no rm al i f f  i t s  r e s t r i c t i o n  to  each  such  su b sp ace  
i s  n o rm a l.  A lso , by A ndo 's  r e s u l t ,  we may assume t h a t  
V[An 50 :n  e Z+ U [ 0 ) )  i s  i n f i n i t e - d i m e n s i o n a l .  Thus we 
assume f o r  th e  re m a in d e r  o f  t h i s  p r o o f  t h a t  H i s  a  s e ­
p a r a b l e  i n f i n i t e - d i m e n s i o n a l  H i l b e r t  sp ace  and t h a t  A i s  
a  r e d u c t i v e  o p e r a t o r  on H w i th  a  c y c l i c  v e c to r  su ch
t h a t  | | S q || =  1 . L e t  E be a  maximal com mutative * - s u b -  
a l g e b r a  o f  [A}' . L e t  = [B§0 :B e fcj , a  su b sp ace
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o f  H . I f  E50 4  H , we can  f i n d  a  v e c t o r  §^e(E §0 ) x 
su ch  t h a t  ||§1 || -  1 . I t  i s  e a sy  t o  show t h a t  t h e  su b ­
sp a c e s  E5q and a r e  o r th o g o n a l .  I f  E§0 © E§^ ^  H ,
we can  choose a  v e c to r  52 g(E5q©E§1 ) x and c o n t in u e  i n
t h i s  manner. S in ce  H i s  s e p a r a b l e  we can  th u s  w r i t e
00 ________
H = 2 © E§. . We w i l l  d e f in e
i =0 1
t n  +
H = { E B .%.: B. e E , n  e z u {0 ))  , a  l i n e a r  m ani-  
i =0 1
f o l d  w hich  i s  dense i n  H . F o r  ea ch  v e c to r  we can
d e f in e  a c o n t in u o u s  p o s i t i v e  l i n e a r  f u n c t i o n a l  f ^  on 
th e  a l g e b r a  E by f^ (B )  = (B ?^ ,§ ^ )  . S in c e  th e  a l g e b r a  
E i s  i s o m e t r i c a l l y  iso m o rp h ic  to  C(M) , th e  a l g e b r a  o f  
c o n t in u o u s  f u n c t io n s  on th e  maximal i d e a l  sp a ce  M o f  E , 
each  f u n c t i o n a l  f ^  may be c o n s id e r e d  as  a  f u n c t i o n a l  on 
C(M) . As a  r e s u l t ,  each  f u n c t i o n a l  f^  in d u c e s  a  r e g u ­
l a r  B o re l  m easure p^ on M and we have
f . (13) = f  $(m )dp.(m ) f o r  each  B e E , w here $(m) d e -
1 J M
n o te s  t h e  G elfand  t r a n s f o r m  o f  B . B ecause  I s  a
c y c l i c  v e c t o r  f o r  A , i t  can  be shown t h a t  t h e  s u p p o r t
o f  th e  m easure pQ i s  M and t h a t  each  p^ i s  a b s o l u t e l y
c o n t in u o u s  w i th  r e s p e c t  t o  pQ . A lso ,  t h e  v e c t o r s
i = l , 2, • • * ,  can be chosen  so  t h a t  dp^ -  XM, dpQ w here
I
XM i s  th e  c h a r a c t e r i s t i c  f u n c t io n  o f  a  pQ-m e a su ra b le  s e t
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con ta ined  in  M . Next we define  a l i n e a r  map
from E§i  in to  C(Mi ) by <K^(B?i )=fi(m) | M . The map
i
i s  densely  def ined  on ES  ^ w ith  range dense in
L2 (Mi ^pi ) and fo r  B e E we have | |^B S ^ ||2 =
= ( ^ B § i ,r(I_B5i ) = ( ^ ( m) lM^ *^(m) | M^ ) = J m i*(m )^(m )d^i (m) =
J B*B(m)dpi (m) = f^(B*B) = (B§i ,B§i ) = ||B?i ||2 . Thus 
Mi
each map ^  has a unique ex tens ion  to  a u n i ta ry  o p e ra to r
^  which maps E§^ onto L^M^I-l ) . Using the  symbol
11 = "  to  mean 1 ' i s  u n i t a r i l y  eq u iv a len t  t o * 1 , we
CO phave H = Z © L ( M. , p . ) v i a  th e  u n i ta ry  o p e ra to r
i=0
.+
th e
U = Z © U. . L e t  Hn = V{ § . : i  e u ( 0 ) )  and  f o r  
i= 0  u i
ea ch  m e M , l e t  H(m) = V{Si #.m e , a  su b sp a ce  o f
«
s e p a r a b le  H i l b e r t  sp a ce  HQ . For a  v e c t o r  r| e H (d e -
n
f i n e d  p r e v io u s l y )  o f  th e  form n = Z B.,5. w here B. e E ,
i= 0  1
we can d e f in e  a v e c t o r - v a l u e d  f u n c t io n  Ti(m) on M by  th e
e q u a t io n  T ] ( m )  = Z B .  (m)XM (m)g. . Then r)(m) e H(m) f o r
i= 0  1 iVli  1
ea ch  m e M and fu r th e rm o re
12 = j 0'lBi5i“2 = = Jo =
= Z J | £ ( m ) l 2XM (m)dn(m) = J Z [ | £ ( m ) | 2XM (m)]dp(m) = 
i= 0  M wi  M i= 0  “ i
J | | ,n(m)||2dp(m) . Thus th e  map v ’ :r| -♦ (Ti(m))m £ M maps a
r®deni’.i) r .ubsot o f  II o n to  a  donut1 s u b s e t  o f  Il(m)dp(m)
M
i n  an i s o m e t r i c  f a s h io n  and so
p0
(1 .1 )  H ^  H(m)dP(m)
M
i
v i a  t h e  u n i t a r y  map V w hich  e x te n d s  V and i s  d e f in e d
i
on a l l  o f  H . F o r  v e c t o r s  r\ e H , th e  v e c t o r - v a l u e d  
f u n c t io n  ( Tl ( m ) 3 m eM def,i n e ^ everyw here  on M . T h is
i s  n o t  th e  c a s e  f o r  a l l  v e c t o r s  i n  H . I f  T) e H i s
, i
a r b i t r a r y ,  we can  f i n d  a  sequence  (r| } o f  v e c t o r s  i n  H 
c o n v e rg in g  to  r| such  t h a t  t h e  sequence  o f  f u n c t io n s  
Crin(m) ) meM c o n v e rSe s  p o in tw is e  a . e .  (p) on M . T h is  
a l lo w s  us to  d e f in e  Ti(m) a . e .  (p) on M and t h i s  i s
th e  b e s t  we can  do.
Our n e x t  t a s k  i s  t o  r e p r e s e n t  an o p e r a t o r  B on H
as  an o p e r a t o r  on th e  d i r e c t  i n t e g r a l  o f  th e  H i l b e r t  s p a ­
ces  ( H(m ))meM . I n  g e n e r a l ,  we can n o t r e p r e s e n t  a l l  o p e r  
a t o r s  in  B(H) i n  su ch  a  f a s h io n ,  b u t  we a r e  a b l e  t o  r e -
i
p r e s e n t  ev e ry  o p e r a t o r  I n  E i n  t h i s  way. I n  p a r t i c u l a r
*
th e  r e d u c t i v e  o p e r a t o r s  A and A have such  a  r e p r e s e n ­
t a t i o n .
i
L e t € H be as  b e f o r e  and l e t  p e H . L e t
B e e ' . Then p(m) i s  d e f in e d  everyw here  on M and 
(B | . ) (m )  i s  d e f in e d  a . e .  (p) on M . We l e t
00
= ( m e  M: (B§i )(m) i s  n o t  d e f in e d }  and N = U .
I/or m e M\N we d e f in e  f (r |( in ))  = (ri(m), ( B ^ )  (m)) .  Then f  
In  ;i l i n e a r  f u n c t i o n a l  on th e  dense  l i n e a r  m a n ifo ld
h ' n H(m) o f  H(m) and | f ( r ) ( m ) ) |  |  |h (m ) | | . | |  (B§1 ) (m)|| ,
so  f  i s  bounded. As a  r e s u l t  o f  t h i s ,  f  ex ten d s  
u n iq u e ly  t o  a  bounded l i n e a r  f u n c t i o n a l  F d e f in e d  on a l l  
o f  H(m) w i th  ||F|| = | |f | |  < | |(B §i )(m)|| . By th e  R ie sz  
r e p r e s e n t a t i o n  th eo rem , t h e r e  i s  a  u n iq u e  v e c to r  Cj_(m) 
i n  H(m) such  t h a t  F (§(m )) = ( § (m ),£^(m )) f o r  a l l  
%(m) e H(m) . We w i l l  d e f in e  an o p e r a t o r  B(m) on H(m) 
by l e t t i n g  B(m)§i (m) = ^ ( m )  f o r  i = 0 , l , • • •  , and ex ­
t e n d in g  l i n e a r l y .  (Note t h a t  t h e  v e c to r s  ^(m) 3j^_o 
c o n t a in  a  b a s i s  f o r  H(m) . )  For m e N we w i l l  d e f in e  
B(m) t o  be t h e  z e ro  o p e r a t o r  on H(m) . The o p e r a t o r s  
B(m) so  d e f in e d  can  be shown t o  have th e  fo l lo w in g  p r o ­
p e r t i e s :  (a)  B(m)5(m) = (B§)(m) a . e .  (p) f o r  § e H ;
(b) B(m)ri(m) = (Bn)(m) f o r  a l l  m e M , t] e h ' ;
(c )  |JB(m)|| < ||B|| f o r  a l l  m e M . We w r i t e
B = B(m)dp(m) whereJ \K( 1 . 2 ) M
[ f  B(m)dp(m )][ g(m )dp(m )] = f B ( m ) §  (m)dp(m) 
J M d M M
I f  B^ and  B2 a r e  any two o p e r a t o r s  in  E we
can  show t h a t  (B^+ B2 )(m) = B1 (m) + B2 (m) a . e .  ( |j)  , 
B^Bg(m) = B1 (m)B2 (m) a . e .  (n) , and t h a t  (B^)(m) =
•X*
= (B^(m)) a . e .  ( |i)  . As a  r e s u l t  we have
( 1 .3 )  B-J+ B2 = J^ [B 1 (m) + B2 (m)]dn(m)
(1 .4 )  B
( 1 .5 )  B* = f [B1 (m)]*dn(m) .
J M
We now r e t u r n  t o  t h e  p r o o f  o f  Theorem 1 .5 .  L e t  A 
be a r e d u c t iv e  o p e r a t o r  on t h e  s e p a r a b le  i n f i n i t e - d i m e n ­
s i o n a l  H i l b e r t  sp ace  H and  l e t  be a c y c l i c  v e c t o r
f o r  A w i th  ||§0 || = 1 . A cco rd in g  t o  t h e  above c o n s t ru e
t i o n ,  we have a r e p r e s e n t a t i o n .
«©
( 1 .6 )  A = A(m)dH(m)
M
w here f o r  each  m , A(m) i s  an  o p e r a t o r  on t h e  H i l b e r t  
sp a ce  H(m) as  d e f in e d  above . D yer and P o r c e l l i  showed 
t h a t  th e  ' ' c o o r d i n a t e  o p e r a t o r s ' '  A(m) a r e  t r a n s i t i v e  
a . e .  (p.) . i f  we assume t h a t  th e  i n v a r i a n t  su b sp ace  con 
J e c t u r e  i s  t r u e ,  th e n  ea ch  o p e r a t o r  A(m) must be an 
o p e r a t o r  on a  1 -d im e n s io n a l  H i l b e r t  sp ace  H(m) . Due to  
t h e  f a c t  t h a t  o p e r a t o r s  on a  1 -d im e n s io n a l  H i l b e r t  space  
commute, we have
r®B2 = J B1 (m) • B2 (m)dp(m) and
r%© #
AA = A(m)A (m)dp(m) 
M
p©  *
A (m)A(m)dp(m)
*
= A A
and so A i s  n o rm a l.  T h is  shows t h a t  (b) * (a)  and com­
p l e t e s  th e  p r o o f  o f  Theorem 1 .5 .
Some p r o g re s s  tow ards  a s o l u t i o n  o f  th e  r e d u c t iv e  
o p e r a t o r  c o n j e c t u r e  i s  g iv e n  by th e  fo l lo w in g  r e s u l t :
P r o p o s i t i o n  1 . 6 . I f  A i s  r e d u c t i v e  and i f  f(A) i s
no rm al f o r  some n o n - c o n s ta n t  a n a l y t i c  f u n c t io n  f  on
{ z : | z |  < ||Aj|} , th e n  A i s  n o rm a l.
P r o o f . Suppose t h a t  f  i s  a s  d e s c r ib e d  above and f ( z )  =
00
= 2 a zp i s  th e  power s e r i e s  ex p a n s io n  o f  f  ab o u t  th e
p=° 00
p o i n t  z = 0 . Then 2 anA co n v e rg es  i n  th e  u n ifo rm
p=0 p
00 p
to p o lo g y  and so f(A ) = 2 a AF . A ccord ing  to  (1 .6 )  we
r® p = ° p
have A = A(m)dp(m) where th e  o p e r a to r s  A(m) a r e
M n rj
t r a n s i t i v e  a . e .  (p) . I f  we l e t  ^ ( A )  = 2 a  AF , th e n
P=0 p
p©
1'n (A) ( m) = f n (A(m)) a . e .  (p) and f n (A) = J f n (A)(m)dp(m)
p©
f  (A(m))dp(m) . Hence f o r  a lm o s t  a l l  m we have 
M n
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f n (A(m)) -  i’n (A)(m) f o r  a l l  n  and {fn (A(m))) con­
v e rg e s  i n  th e  u n ifo rm  to p o lo g y  to  f(A (m )) . (Note t h a t  
f(A (m )) i s  d e f in e d  b ec au se  ||A(m)|| < ||A|| . )  I t  fo l lo w s
t h a t  f(A )(m ) = f(A (m )) a . e .  (p) and t h a t  
c0
f(A ) = f(A (m ))dp(m ) . S ince  f(A ) i s  n o rm al,  f(A (m ))
M
i s  norm al a . e .  (p) . I f  f(A (m )) i s  n o rm a l,  th e n  th e
s p e c t r a l  f a m i ly  o f  f(A (m )) commutes w i th  A(m) b ec au se
A(m) commutes w i th  f(A (m )) . As a  r e s u l t ,  f(A (m )) m ust 
be a m u l t i p l e  o f  th e  i d e n t i t y  o p e r a t o r  I  on H(m) when­
e v e r  f(A (m )) i s  n o rm al,  say  f(A (m )) = • I m . I f  we
l e t  g ( z ) = f ( z )  -  ctjH , th e n  g(A(m)) = 0 so  A(m) i s
a n a l y t i c a l l y  com pact. T h is  im p l ie s  t h a t  A(m) m ust be 
an o p e r a t o r  on a  1 -d im e n s io n a l  H i l b e r t  space  H(m) , b e ­
ca u se  A(m) i s  t r a n s i t i v e .  T h is  happens a . e .  (p) on M 
and i t  fo l lo w s  t h a t  A i s  n o rm al.
As an a p p l i c a t i o n  o f  P r o p o s i t i o n  1 .6  we o b ta in  th e  
fo l lo w in g  r e s u l t :
C o r o l la ry  1 . 7 . I f  A i s  r e d u c t iv e  and i f  An commutes
. *X* Yfl -U
w i th  (A ) f o r  some myn  e z , th e n  A i s  n o rm a l.
P r o o f . I f  An commutes w i th  (A*)m , th e n  Anm i s  n o rm a l.
Our n e x t  r e s u l t  s t a t e s  t h a t  ev e ry  o p e r a to r  i n  B(H)
has  a  d ec o m p o s it io n  i n t o  norm al and n o r m a l - f r e e  p a r t s .
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P r o p o s i t i o n  1 . 6 . Every o p e r a t o r  A i n  B(H) can be 
e x p re s s e d  as  th e  d i r e c t  sum o f  a  no rm al o p e r a t o r  and a 
n o r m a l - f r e e  o p e r a t o r .  T h is  d ec o m p o s it io n  i s  u n iq u e .
P r o o f . The s e t  o f  a l l  r e d u c in g  su b sp a ce s  f o r  A on -which 
A i s  norm al i s  p a r t i a l l y  o rd e re d  by i n c l u s i o n ,  and Z o rn 1s 
lemma g iv e s  us a  maximal such  sub space  H-^  . Hence A |^
i s  no rm al and A l^x i s  n o r m a l - f r e e  and we have th e  d e s i r e d
,H1
d e c o m p o s it io n .  The u n iq u e n e s s  i s  c l e a r .
A l t e r n a t i v e l y ,  we can  d e f in e  th e  su b sp ace  by
H-^  = {W(A,A*) (AA*-A*A)x: x e H, W(A,A ) i s  a word i n  A 
■x-and A ) . I t  i s  ea sy  to  show t h a t  re d u c e s  A ,
A | jj i s  n o rm al,  and i f  K re d u c e s  A and A |k i s
n o rm a l,  th e n  K c  H-^  .
We can now r e s t r i c t  o u r  a t t e n t i o n  t o  r e d u c t i v e  n o rm a l-  
f r e e  o p e r a t o r s  i n  s tu d y in g  th e  r e d u c t i v e  o p e r a t o r  p ro b lem .
P r o p o s i t i o n  1 . 9 . I f  A i s  r e d u c t i v e  n o r m a l - f r e e  on H ,
th e n  a(A) = a (A) , t h a t  i s ,  A has no e ig e n v a lu e s ,c
P r o o f .  I f  \  e a (A) , th e n  t h e r e  i s  a  n o n -z e ro  v e c t o r
J r
X 6 h  such t h a t  ( \ -A )x  = 0 . T h is  means V{x} re d u c e s  
A and th e  r e s t r i c t i o n  o f  A t o  t h i s  o n e -d im e n s io n a l  sub ­
space  i s  c e r t a i n l y  n o rm a l,  a  c o n t r a d i c t i o n .  Hence ap(A) = 
= 0 . We saw e a r l i e r  t h a t  or (A) = 0 f o r  any r e d u c t iv e
o p e r a t o r  A so a(A) = o (A) .\0
P r o p o s i t i o n  1 . 1 0 . I f  A i s  r e d u c t i v e  n o r m a l - f r e e  on H 
and i f  771 i s  an i n v a r i a n t  sub space  f o r  A , th e n
(Ax:x e Wi) i s  dense  i n  7H .
P r o o f . S in c e  A i s  r e d u c t i v e ,  re d u c e s  A and A |^
i s  a g a in  r e d u c t i v e  n o r m a l - f r e e .  We may, t h e r e f o r e ,  w i t h ­
o u t  l o s s  o f  g e n e r a l i t y ,  assume t h a t  % = H . Now, e i t h e r  
A i s  i n v e r t i b l e  i n  w h ich  c a se  A i s  o n to ,  o r  e l s e  
0 e a (A) w hich  a g a in  means A h as  dense r a n g e .
Our n e x t  r e s u l t  i s  an e x t e n s io n  o f  P r o p o s i t i o n  1 .9 .
P r o p o s i t i o n  1 . 1 1 . I f  p i s  any n o n - c o n s ta n t  p o ly n o m ia l  
and i f  A i s  r e d u c t i v e  n o r m a l - f r e e  on H , th e n
a (P (A )) = <*c (p(A )) •
P r o o f . I t  s u f f i c e s  to  show t h a t  n e i t h e r  [p (A )]  n o r
[ p (A ) ] can have an e ig e n v a lu e .  Suppose \  i s  an e ig e n
v a lu e  o f  p(A) . F a c to r  th e  p o ly n o m ia l  p(A) -  \  i n t o
n
l i n e a r  f a c t o r s  II ( A - a . ) (assum ing  w i th o u t  l o s s  o f  g e -
i = l  1
n e r a l i t y  t h a t  p i s  m o n ic ) .  I f  X i s  a  e ig e n v a lu e  o f
p(A) t h e r e  i s  a  v e c t o r  x ^  0 i n  H such  t h a t
n  i
II (A -a. )x  = 0 . As a  r e s u l t  one o f  th e  a . s must be
i = l  1
an e ig e n v a lu e  o f  A , a  c o n t r a d i c t i o n  o f  P r o p o s i t i o n  1 .9
•H*
Thus p(A) has no e i g e n v a lu e s .  S in c e  A i s  a l s o  r e ­
d u c t iv e  n o r m a l - f r e e ,  we can show i n  a  s i m i l a r  manner 
t h a t  [ p (A ) ] h as  no e ig e n v a lu e s  and th e  r e s u l t  f o l lo w s .
R e c a l l  t h a t  an  o p e r a t o r  A i s  s a i d  t o  be q u a s in o rm a l
*i f  A commutes w i th  A A .
P r o p o s i t i o n  1 .1 2 . I f  A i s  q u a s in o rm a l  and r e d u c t iv e  
on H , th e n  A i s  n o rm a l.
P r o o f . I t  s u f f i c e s  t o  show t h a t  A has  no n o r m a l - f r e e  
p a r t .  We w i l l  assume t h a t  A i s  n o r m a l - f r e e ,  (b ecau se  
th e  n o r m a l - f r e e  p a r t  w ould a l s o  be q u a s in o rm a l  and r e d u c ­
t i v e ) ,  and a r r i v e  a t  a  c o n t r a d i c t i o n .  S in c e  A i s  q u a s i -
n o rm a l,  we have 0 = A(A A) -  (A A)A = (AA -A A)A . The
o p e r a t o r  A has  dense ran g e  by P r o p o s i t i o n  1 .1 0 ,  so
,y,
AA and A A a g re e  on a  dense s u b s e t  o f  H . T h is  means
AA = A A , w h ich  ca n n o t be b e c a u se  A i s  n o r m a l - f r e e .
The f u l l  power o f  a  r e d u c t i v e  o p e r a t o r  i s  n o t  u se d  
i n  p ro v in g  th e  above r e s u l t .  As a  m a t t e r  o f  f a c t  th e  f o l ­
lo w in g  s ta te m e n t  i s  t r u e :
P r o p o s i t i o n  1 .1 3 . An o p e r a t o r  A on H i s  no rm al i f f
A i s  q u a s in o rm a l  and 7({A ) re d u c e s  A .
P r o o f .  I f  A i s  no rm al i t  i s  c e r t a i n l y  q u a s in o rm a l .
A lso  7l(A ) i s  c l e a r l y  i n v a r i a n t  f o r  A . I f  x e ?j(A ) 
th e n  we need  t o  show t h a t  Ax e 71 (A*) . B u t f o r  such  an 
x we have A (Ax) = A(A x) = 0 , hence 7?(A ) re d u c e s  
A •
C o n v erse ly  suppose t h a t  A i s  q u a s in o rm a l  and t h a t
/
9?(A ) re d u c e s  A . Then a | ^ ( a*) 'th e  z e ro  o p e r a t o r
w hich  i s  c l e a r l y  n o rm a l,  and we o n ly  n eed  t o  c o n s i d e r • 
A(?Ka*)X . On 7l{A ) , A i s  s t i l l  q u a s in o rm a l  and has
dense ra n g e ,  so th e  p r o o f  o f  P r o p o s i t i o n  1 .1 2  shows t h a t  
A |^ ( a*)X i s  n o rm a l.  Thus A i s  n o rm al.
I t  i s  w ell-know n t h a t  an o p e r a t o r  A i n  B(H) i s
i n v e r t i b l e  i f f  i t  s a t i s f i e s  th e  fo l lo w in g  two c o n d i t i o n s :
(1 .7 )  /?(A) i s  dense  i n  H and
(1 .8 )  ||Ax|| > c||x|| f o r  some c > 0 f o r  a l l  x e H .
P r o p o s i t i o n  1 . 1 4 . I f  A i s  r e d u c t i v e  on H , th e n  A 
i s  i n v e r t i b l e  i f f  ( 1 .8 )  h o ld s .
P r o o f . I t  s u f f i c e s  t o  show t h a t  ( 1 .8 )  im p l ie s  ( 1 .7 )  f o r  
r e d u c t iv e  o p e r a t o r s .  Suppose ( 1 .8 )  h o ld s  and t h a t
■X* '? e /?(A) . Then § i s  o r th o g o n a l  t o  AA § and so
(S,AA*§) = 0 . Thus (A*§,A*§) = 0 w hich  im p l ie s
•X —A § = 0 . Now, V{§) re d u c e s  A so we a l s o  have A? = 0 
S in ce  (1 .8 )  h o ld s ,  we have 0 = ||A?|| 2  CP | |  ^ d  so ? = 0 
I t  fo l lo w s  t h a t  A h as  dense r a n g e ,  i . e . ,  ( 1 .7 )  h o ld s .
We m igh t rem ark  h e re  t h a t  P r o p o s i t i o n  1 .1 4  i s  a l s o  
t r u e  i f  ' ' r e d u c t i v e '*  i s  r e p l a c e d  by ' ‘no rm al** .
P r o p o s i t i o n  1 . 1 5 . I f  A i s  r e d u c t i v e  on H and 
X s o(A) , th e n  \  i s  an ap p ro x im a te  e ig e n v a lu e  f o r  
A , ( t h a t  i s ,  ^(A) = ir(A )) .
P r o o f . The number X i s  i n  a(A) i f f  (1 .8 )  f a i l s  f o r  
t h e  o p e r a t o r  X-A . Thus f o r  each  n we can f i n d  a  u n i t  
v e c t o r  xn  such  t h a t  j|(X-A)xn || < ^  . T h is  means t h a t  
X i s  an  ap p ro x im a te  e ig e n v a lu e  f o r  A .
P r o p o s i t i o n  1 .1 6 . The s e t  o f  r e d u c t i v e  o p e r a t o r s  on H 
i s  n o t  c lo s e d  i n  th e  s t r o n g  o p e r a t o r  to p o lo g y  on B(H) .
P r o o f . L e t H be a  s e p a r a b le  i n f i n i t e - d i m e n s i o n a l  H i l ­
b e r t  sp ace  and l e t  ( e ^ : i  £ Z) be an o r th o n o rm a l  b a s i s  
f o r  H . D efin e  a  sequence  o f  o p e r a t o r s  on H by
i + i  l f  - n  ^ 1 < n
V ei> = < e -n  if i=n
( e ± i f  | i |  > n
•ftFor each  n , = I  , and th e  sequence  { ^ )
c o n v e rg es  t o  th e  b i l a t e r a l  s h i f t  i n  th e  s t r o n g  o p e r a t o r
Pn+l * * „ 2nto p o lo g y .  For each  n  , = I  = so Kn = ^  •
As a  r e s u l t ,  e v e ry  i n v a r i a n t  subspace  f o r  i s
*
i n v a r i a n t  f o r  ty and  V i s  r e d u c t i v e .  The b i l a t e r a l  
s h i f t ,  a s  we saw e a r l i e r ,  i s  n o t  r e d u c t i v e .
I t  i s  n a t u r a l  t o  a s k  what th e  SOT ( s t r o n g  o p e r a t o r  
to p o lo g y )  c l o s u r e  o f  th e  s e t  o f  r e d u c t i v e  o p e r a t o r s  i s .
I t  i s  known t h a t  th e  SOT c l o s u r e  o f  th e  s e t  o f  norm al 
o p e r a t o r s  i s  th e  s e t  o f  subnorm al o p e r a t o r s  ( o p e r a to r s  
w i th  n o rm al e x t e n s io n s ,  c f .  [ 1 2 ] )  . I f  th e  r e d u c t iv e  
o p e r a t o r  c o n je c tu r e  i s  t r u e ,  th e  SOT c l o s u r e  o f  th e  s e t  
o f  r e d u c t iv e  o p e r a t o r s  w ould  n e c e s s a r i l y  be  c o n ta in e d  i n  
th e  s e t  o f  subnorm al o p e r a t o r s .  I f  one can show t h a t  th e  
s e t  o f  r e d u c t iv e  o p e r a t o r s  i s  SOT dense  i n  B(H) , t h i s  
w ould show th e  r e d u c t i v e  o p e r a t o r  c o n j e c t u r e  t o  be f a l s e ,  
b e c a u se  B(H) c o n ta in s  o p e r a t o r s  w h ich  a r e  n o t  subnorm al.
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INVERSES OF REDUCTIVE OPERATORS
R. G. D ouglas h as  a sk e d  w h e th e r  o r  n o t  th e  i n v e r s e  
o f  an i n v e r t i b l e  i n t r a n s i t i v e  o p e r a to r  i s  i n t r a n s i t i v e  
( c f .  [ 1 2 ] ) .  T h is  q u e s t io n  i s  c l e a r l y  e q u iv a le n t  t o  th e  
q u e s t i o n  o f  w h e th e r  o r  n o t  th e  i n v e r s e  o f  an i n v e r t i b l e  . 
t r a n s i t i v e  o p e r a t o r  i s  t r a n s i t i v e .  A seem ing ly  more g e ­
n e r a l  q u e s t io n  i s  i n d i c a t e d  by th e  fo l lo w in g :
P r o p o s i t i o n  2 . 1 . I f  t h e  in v e r s e  o f  each  i n v e r t i b l e  r e ­
d u c t iv e  o p e r a t o r  i s  r e d u c t i v e ,  th e n  th e  in v e r s e  o f  each  
i n v e r t i b l e  t r a n s i t i v e  o p e r a t o r  i s  t r a n s i t i v e .
P r o o f . Suppose A i s  t r a n s i t i v e  and A"1 e x i s t s .  Then 
A i s  r e d u c t i v e  so A-1 i s  r e d u c t iv e  by o u r  h y p o th e s i s .
Any i n v a r i a n t  su b sp ace  f o r  A ^ r e d u c e s  A ^ , and hence 
re d u c e s  A as  w e l l .  S in ce  A has no p r o p e r  r e d u c in g  su b ­
s p a c e s ,  A"1 has  no p r o p e r  i n v a r i a n t  su b sp a ces  and A ^ 
i s  t r a n s i t i v e .
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The c o n v e rs e  o f  P r o p o s i t i o n  2 .1  has  n o t  been  s e t t l e d .  
A cco rd ing  to  ( 1 . 6 ) ,  we can e x p re s s  a  r e d u c t i v e  o p e r a t o r  
A as a  d i r e c t  i n t e g r a l  o f  a  f a m i ly  (A(m)}meM 0:f t r a n s i ­
t i v e  o p e r a t o r s .  I f  A i s  i n v e r t i b l e ,  th e n  th e  11 c o o r d i ­
n a t e  o p e r a t o r s ' ' A(m) a r e  i n v e r t i b l e  f o r  a lm o s t  a l l  
m e M . I f  t h e  i n v e r s e  o f  a  t r a n s i t i v e  o p e r a t o r  i s  t r a n s i ­
t i v e ,  th e n  A”^ , b e in g  th e  d i r e c t  i n t e g r a l  o f  th e  f a m ily  
{A"’'L(m) 3mejy[ 3 i s  a  d i r e c t  i n t e g r a l  o f  a  f a m i ly  o f  t r a n s i ­
t i v e  o p e r a t o r s . The p rob lem  i s  t h a t  we do n o t  know t h a t  
a  d i r e c t  i n t e g r a l  o f  a  f a m ily  o f  t r a n s i t i v e  o p e r a t o r s  i s  
r e d u c t i v e .  In d e e d ,  we do n o t  even know when th e  d i r e c t  
sum o f  two t r a n s i t i v e  o p e r a t o r s  i s  r e d u c t i v e .  (However, 
we s h a l l  soon see  t h a t  i f  t r a n s i t i v e  o p e r a t o r s  e x i s t  on 
H i l b e r t  sp a c e s  o f  d im ension  g r e a t e r  th a n  1 , i t  i s  n o t  t r u e  
i n  g e n e r a l . )  The f o l lo w in g  r e s u l t s  s u g g e s t  t h a t  t h i s  
p rob lem  i s  n o n - t r i v i a l .
P r o p o s i t i o n  2 .2  ( S a r a s o n ) . I f  A i s  a  no rm al o p e r a t o r  on 
H , th e n  th e  w eakly  c lo s e d  a l g e b r a  g e n e r a te d  by A i s  
a  * - a l g e b r a  i f f  A i s  r e d u c t i v e .
P r o o f . The r e a d e r  i s  r e f e r r e d  t o  [ 2 0 ] ,
P r o p o s i t i o n  2 . 3 . I f  A i s  r e d u c t i v e  and norm al on H , 
th e n  A © A i s  r e d u c t i v e  and no rm al on H © H .
Proo L’. L e t  W(A) d e n o te  th e  w e a k ly -c lo s e d  a l g e b r a  g e ­
n e r a t e d  by A . L e t  T e W(A©A) and l e t  ^  © Xg and 
y x © y 2 be u n i t  v e c t o r s  i n  H © H . L e t  e > 0 be a r b i ­
t r a r y .  T here  e x i s t s  a  p o ly n o m ia l  p such  t h a t
|((T-p(A©A))y1 © y 2J xi  © * 2 ) | < e /3  . Then
|((T -  p(A © A ) ) x 1 © X g,y1 © y 2 ) |  < e /3  a l s o ,  w here p 
d e n o te s  th e  p o ly n o m ia l  whose c o e f f i c i e n t s  a r e  th e  c o n ju ­
g a t e s  o f  th e  c o e f f i c i e n t s  o f  p . By P r o p o s i t i o n  2 .2 ,
W(A) i s  a  * - a lg e b r a ,  hence  W(A) i s  s t r o n g l y  c lo s e d
( c f .  [ 5 ] ,  P . 43, [ 6 ] ,  p .  333, [ 1 6 ] ,  p .  4 4 8 ) .  Thus, t h e r e
—  ■X’
e x i s t s  a  p o ly n o m ia l  q such  t h a t  || (p (A ) -  q ( A ) ) x J |  < e /3  
f o r  i = l ,  2 . Hence |((T*-q(A©A) )x 1©x2, y.j© y g ) | £
1  | ( ( T * -  p(A*© A *))x1© x 2 , y 2© y 2 ) |  +
+ |( (P (A * )  -  q (A ))x 1 , y 1 ) |  + | ( (p (A * )  -  q (A ))x 2 , y 2 ) |  <
< s /3  + s/31| y || + e/31|y2 || < e . The same c a l c u l a t i o n s
work f o r  any f i n i t e  sequence  [x^n ^© x^n ^, y^1^ ©
‘K’and so T e W(A©A) . The o p e r a t o r  A © A i s  c l e a r l y  
n o rm a l,  (b eca u se  A i s ) ,  and W(A©A) i s  a * - a l g e b r a ,  so 
by P r o p o s i t i o n  2 .2  A © A i s  r e d u c t i v e .
P r o p o s i t i o n  2 . 4 . I f  A i s  any o p e r a t o r  on H , and i f  
A © A i s  r e d u c t i v e ,  th e n  A i s  no rm al and r e d u c t i v e .
P r o o f . I f  A © A i s  r e d u c t i v e ,  th e n  A must be r e d u c ­
t i v e ,  b ec au se  i t  i s  th e  r e s t r i c t i o n  o f  A © A t o  th e
r e d u c in g  subspace  H © (0 )  . C o n s id e r  th e  su b sp ace  o f  
H © H d e f in e d  by = (x © Ax: x e H] . T h is  subspace  
i s  i n v a r i a n t  f o r  A © A , so by o u r  h y p o th e s i s  i t  i s
•X*a l s o  i n v a r i a n t  f o r  A © A . L e t  x e H be a r b i t r a r y .
•X* -X* -X* •X*
Then (A © A ) (x©Ax) = A x © A Ax e so by th e  d e f i n i -
"X* *x*t i o n  o f  % we have A Ax = AA x . Hence A i s  n o rm al.
C o r o l la r y  2 . 5 . The fo l lo w in g  s ta te m e n ts  a r e  e q u i v a l e n t :
(a )  I f  A i s  r e d u c t i v e ,  th e n  A © A i s  r e d u c t i v e .
(b) I f  A i s  r e d u c t i v e ,  th e n  A i s  no rm al ( i . e . ,  th e  
r e d u c t i v e  o p e r a t o r  c o n j e c t u r e  i s  t r u e ) .
P r o o f . Suppose (a )  i s  t r u e  and A i s  a  r e d u c t i v e  o p e r ­
a t o r  on H . Then A © A i s  r e d u c t i v e  on H © H , and
by P r o p o s i t i o n  2 A  A i s  n o rm a l.  C o n v e rse ly ,  suppose (b) 
i s  t r u e  and A i s  a  r e d u c t i v e  o p e r a to r  on H . Then A
i s  b o th  r e d u c t iv e  and n o rm al,  so A © A i s  r e d u c t i v e  on
H © H by P r o p o s i t i o n  2 .3 .
G e t t in g  back to  th e  p rob lem  o f  th e  i n v e r s e  o f  an i n ­
v e r t i b l e  r e d u c t iv e  o p e r a t o r ,  l e t  us f i r s t  r e c a l l  th e  r e ­
s o lv e n t  f u n c t io n  X -* (x -A )”'1’ f o r  X e p(A) . For any 
two v e c t o r s  x ,y  e H , th e  mapping X -> ( (x -A )_1x ,y )  i s
an a n a l y t i c  f u n c t i o n  on th e  open s e t  p(A) .
P r o p o s i t i o n  2 . 6 . I f  t h e  sub sp ace  o f  H i s  i n v a r i a n t
f o r  th e  o p e r a t o r  A on H and i f  x i s  i n  th e  unbounded
co m p o n e n t  o f  p (A)  , t h e n  771 i s  i n v a r i a n t  f o r  (X -A )- 1  .
P r o o f . For | x |  > ||A|| we have (X-A)- = £ X-p Ap .
P=0
I t  fo l lo w s  t h a t  (X-A)- i s  i n v a r i a n t  on 771 w henever 
|X | > ||A|| . Choose v e c t o r s  x e 771 Y e 771^  . Then
th e  a n a l y t i c  f u n c t io n  X -> ( (X-A)_1x ,y )  i s  z e ro  f o r
| x | > ||A|j , hence  i t  i s  z e ro  everyw here  on th e  unbounded
component o f  P (A) . S in c e  x  e 7H and y e Tlf a r e  a r ­
b i t r a r y ,  t h e  r e s u l t  f o l lo w s .
P r o p o s i t i o n  2 . 7 . I f  0 i s  i n  th e  unbounded component o f
P (A) , th e n  A and A-1  have e x a c t l y  th e  same i n v a r i a n t
s u b s p a c e s .
P r o o f . S in c e  0 i s  i n  t h e  unbounded component o f  p(A) ,
we can f i n d  a  c u rv e  T w h ich  c o n t a in s  a (A) i n  i t s  i n ­
t e r i o r  su ch  t h a t  0 i s  e x t e r i o r  t o  r  j and su c h  t h a t
p l i e s  e n t i r e l y  i n  th e  unbounded component o f  p(A) .
The f u n c t io n  X ■* X-1  i s  a n a l y t i c  on r  and i t s  i n t e r i o r
so , a c c o rd in g  t o  th e  o p e r a t i o n a l  c a l c u l u s ,  we have
A"1 = J x " 1 (X-A)“‘1dx . I f  771 i s  an i n v a r i a n t  su b -
r
sp a ce  f o r  A , i t  i s  a l s o  i n v a r i a n t  f o r  (X-A)"*1 f o r  
e a c h  X e p . As a r e s u l t  771 i s  i n v a r i a n t  f o r  A-1  . 
S in ce  0 i s  a l s o  i n  th e  unbounded component o f  p(A"*1 ) , 
t h e  r e s t  o f  th e  p r o p o s i t i o n  fo l lo w s  by symmetry.
C o r o l l a r y  2 . 6 . Lf 0 I s  in  th e  unbounded component o f
p(A) , th e n
(a )  i s  t r a n s i t i v e  i f  A i s  t r a n s i t i v e .
(b) A"1 i s  i n t r a n s i t i v e  i f  A i s  i n t r a n s i t i v e .
(c )  A~'L i s  r e d u c t i v e  i f  A i s  r e d u c t i v e .
P r o o f . S ta te m e n ts  (a )  and (b) a r e  im m edia te  by P ro p o ­
s i t i o n  2 .7 .  Suppose A i s  r e d u c t i v e  and % i s  i n v a r i a n t
f o r  . Then ^  i s  i n v a r i a n t  f o r  A by P r o p o s i t i o n
2 .7 .  Hence % r e d u c e s  A , and so 7)\ r e d u c e s  A-1  .
T h is  means t h a t  A”’*’ i s  r e d u c t i v e .
C o r o l l a r y  2 . 9 . I f  A i s  r e d u c t i v e ,  t r a n s i t i v e  o r  i n ­
t r a n s i t i v e ,  r e s p e c t i v e l y ,  t h e r e  e x i s t s  a  t r a n s l a t i o n  
(a+A) o f  A such  t h a t  (a+A)- ^ e x i s t s  and i s  r e d u c t i v e ,
t r a n s i t i v e  o r  i n t r a n s i t i v e ,  r e s p e c t i v e l y .
P r o o f . We may assume A ^  0 . Choose a  = 2||A|| > 0 .
Then 0 i s  i n  th e  unbounded component o f  p(a+A) , so
we a p p ly  P r o p o s i t i o n  2 .8  t o  th e  o p e r a t o r  ch-a .
The n e x t  r e s u l t  g iv e s  a  s u f f i c i e n t  (b u t  n o t  n e c e s s a r y )  
c o n d i t io n  on a(A) t o  i n s u r e  t h a t  0 i s  i n  th e  unbounded 
component o f  P(A) .
P r o p o s i t i o n  2 . 1 0 . I f  f o r  some r e a l  number t  , 
a ( A )  n  • a ( A )  = 0  , th e n  0  i s  i n  th e  unbounded
c o m p on en t  o f  p (A)  .
P r o o f . Choose 6 > 0 so t h a t  d i s t  ( a (A ) , e i ^ 'a(A)) >
> 36 , and c o v e r  a(A) w i th  a  f i n i t e  c o l l e c t i o n  o f  b a l l s  
w i th  r a d iu s  6 and c e n t e r s  i n  a(A) . C a l l  t h i s  open 
co v e r  U . I t  f o l lo w s  t h a t  n e V. ~ 0 by o u r  ch o ic e
o f  6 . Each component o f  th e  boundary  o f  V. i s  a  Peano 
sp a c e .  I f  no component o f  K s e p a r a t e s  0 from 00 , 
t h e r e  i s  a p a t h  from 0 to  °° m is s in g  , and hence 
i t  a l s o  m is s e s  a(A) . Thus we may suppose  t h a t  some 
component o f  s e p a r a t e s  0 from 00 . L e t  C^
d en o te  th e  unbounded component o f  C \  Uq and l e t  
B = bdry  (V0 ) n C^ , . Then B i s  a  Peano space  and B 
s e p a r a t e s  0 from 00 ( c f .  [ 1 4 ] ,  Theorem 3 . 3 ) .  L e t  
Xq be a p o i n t  on B w i th  m in im al modulus and l e t
i*fcbe a p o in t  on B w i th  maximal m odulus. Then e B ,
zL *fcso i s  p a th - c o n n e c te d  t o  0 i n  C \  e B b ec au se
zL"fccomponents o f  C \  e B a r e  p a th - c o n n e c te d .  L ik ew ise ,
n 1"iaQ ft e B , so |iQ i s  p a th - c o n n e c te d  t o  00 . Now,
i  "be B s e p a r a t e s  0 from *» b ec au se  B does , and  B i s  
p a th - c o n n e c te d  so B c o n ta in s  a  p a t h  from Hq t o  .
Then B m ust i n t e r s e c t  e B , b ecau se  e v e ry  p a t h  from
i t  —■ i t —•X0 to  |iQ i n t e r s e c t s  e B . T h is  means ty f) e U ^  0  ,
a  c o n t r a d i c t i o n .  Hence no component o f  ty s e p a r a t e s  0
from  , so o(A) does n o t  s e p a r a t e  0 from 00 .
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Noto t h a t  th e  t r u t h  o f  th e  i n v a r i a n t  su b sp a ce  con­
j e c t u r e  w i l l  im ply  t h a t  t h e  i n v e r s e  o f  an i n v e r t i b l e  
t r a n s i t i v e  o p e r a t o r  i s  t r a n s i t i v e ,  (b ecau se  a l l  t r a n s i ­
t i v e  o p e r a t o r s  a r e  th e n  o p e r a t o r s  on o n e -d im e n s io n a l  
H i l b e r t  spaces)- . I t  was (and s t i l l  i s )  hoped t h a t  th e  
t r u t h  o f  th e  r e d u c t i v e  o p e r a t o r  c o n je c tu r e  w ould  im ply  t h a t  
th e  i n v e r s e  o f  an  i n v e r t i b l e  r e d u c t i v e  o p e r a to r  i s  r e ­
d u c t iv e .  At t h e  t im e  o f  t h i s  w r i t i n g , a  p r o o f  o f  t h e  above 
im p l i c a t i o n  has  n o t  been  a c h ie v e d .  However, th e  f o l lo w in g  
in f o rm a t io n  may be e n l i g h t e n i n g :
Suppose t h a t  A i s  a  no rm al r e d u c t i v e  o p e r a t o r  and 
t h a t  A~'L e x i s t s .  We l e t  = (z  e C: r e ( z )  < 0) and 
A2 = (z e C: r e ( z )  !> 0) . Then A^ and Ag a r e  two d i s ­
j o i n t  B o re l  s u b s e t s  o f  C , and  we have two c o r r e s p o n d in g  
p r o j e c t i o n s  = E(A^) and Eg = E(a2 ) i*1 bhe s p e c t r a l
fa m ily  o f  A . F u r th e rm o re , E-^Eg = 0 = EgE^ b e c a u se  
A^ and A2 a r e  d i s j o i n t ,  and E^ + Eg = I  b e c au se  
Ai u Ag = C . We l e t  ^  = [x  e H: E^x = x) and
Ai  = AU  :for i==1*2 • Then A = Al® A2 on th e  H i l b e r ti
sp ace  H-j© Hg = H . Note t h a t  ea c h  o f  th e  o p e r a t o r s  
A^ , Ag i s  n o rm al and r e d u c t iv e  (b ecau se  H^ re d u c e s  
A j )  , and t h a t  a (Ai ) c n a (A) so t h a t  th e  h y p o th e ­
s e s  o f  C o r o l l a r y  2 .8  a r e  s a t i s f i e d .  As a  r e s u l t  A^  
and Ag"1" a r e  r e d u c t iv e  o p e r a t o r s  on th e  H i l b e r t  sp a c e s
11^  iind 112 r e s p e c t i v e l y .  T h is  means A-1  = A^1© Ag1 
i s  th e  d i r e c t  sum o f  two r e d u c t iv e  norm al o p e r a t o r s .  We 
know t h a t  A^, Ag, Ag1 and A-j© Ag a r e  no rm al and
r e d u c t i v e .  Can we p rove  t h a t  A^1© k ^ "  i s  r e d u c t iv e ?
The f a c t  t h a t  A^© Ag i s  r e d u c t iv e  must n o t  be n e g l e c t e d  
b ec au se  th e  s ta te m e n t  i s  f a l s e  o th e r w is e .  ( I n  o th e r  
w ords , i t  i s  f a l s e  t h a t  th e  d i r e c t  sum o f  any two r e d u c ­
t i v e  o p e r a t o r s  i s  r e d u c t i v e . )  For exam ple, l e t  ^  be a
b i l a t e r a l  s h i f t  and  decompose % i n  th e  manner d e s c r ib e d
—  1 *above . We th e n  have = “Uj® tyg and f o r
i = l , 2  . S in c e  e v e ry  i n v a r i a n t  su b sp ace  f o r  i s  i n -
— 1 *v a r i a n t  f o r  ^  , 1=1,2  , we have th e  r e s u l t  t h a t
t h e  n o n - r e d u c t iv e  o p e r a t o r  U i s  t h e  d i r e c t  sum o f  two 
r e d u c t i v e  o p e r a t o r s .  Thus we have :
P r o p o s i t i o n  2 .1 1 . The d i r e c t  sum o f  two r e d u c t i v e  o p e r ­
a t o r s  n ee d  n o t  be r e d u c t i v e .
The same example can be u se d  t o  d e m o n s tra te  t h e  f o l ­
lo w in g :
P r o p o s i t i o n  2 .1 2 . The sum o f  two commuting r e d u c t iv e  
o p e r a t o r s  need  n o t  be r e d u c t i v e .
P r o o f . L e t % be a  b i l a t e r a l  s h i f t  and l e t  A-^  , Ag 
be a s  b e f o r e .  Then U = + tyg w here f o r
±■-1,2 . C l e a r ly  2 = 0 = ^2^1 so we o n ly n eed  t 0 
ahow t h a t  and l<2 a r e  r e d u c t i v e .  Now
^1 = % | H © 0 and U2 = 0 © ^ I h  where Hi  * H2 are
a s  i n  th e  p r e c e d in g  example and W(t(1 ) = W(t(1 | H ) © (0 )  ,
W(^2 ) = (0 )  © . By P r o p o s i t i o n  2 . 2 ,  W ^ )  and
W(t(2 ) a r e  * - a l g e b r a s ,  so and ty2 a r e  r e d u c t iv e  as
d e s i r e d .
CHAPTER I I I  
POWERS OP REDUCTIVE OPERATORS
In  t h i s  c h a p te r  we w i l l  i n v e s t i g a t e  powers o f  o p e r ­
a t o r s .  I n  p a r t i c u l a r  we w i l l  be co n c e rn ed  w i th  f i n d i n g  
s u f f i c i e n t  c o n d i t io n s  on an o p e r a t o r  A on H t h a t  sub -  
sp a c e s  i n v a r i a n t  f o r  An  (n^O) a r e  i n v a r i a n t  f o r  A .
We s h a l l  r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  c a se  where 
0 i s  i n  th e  unbounded component o f  p(A) . T h is  im p l ie s  
t h a t  t h e r e  i s  a  p a t h  S from 0 to  00 w hich  m is se s  
a(A) . We may, w i th o u t  l o s s  o f  g e n e r a l i t y ,  assume t h a t  
S i s  s im p le  and t h a t  S c o in c id e s  w i th  th e  n e g a t iv e  r e a l  
a x i s  i n  some n e ig h b o rh o o d  o f  00 . For such  a  p a t h  S , 
we w i l l  d e f in e  Lg(X) t o  be th e  b ra n c h  o f  th e  lo g a r i th m  
f u n c t io n  on C \  S w hich  i s  r e a l  f o r  l a r g e  p o s i t i v e  v a lu e s  
o f  \  . The f u n c t io n  Lg (X) i s  th e n  a n a l y t i c  on a (a )  , 
so we can choose  a  p a th  r  w hich  e n c lo s e s  a(A) and 
w hich  does n o t  i n t e r s e c t  S and d e f in e  th e  o p e r a t o r
38
39
( 3 .1 )  LS (A) = 2 ^ 1  L g d X x - A ) '1 ^
r
by th e  o p e r a t i o n a l  c a l c u l u s .
P r o p o s i t i o n  3 . 1 . I f  Lg(A) i s  t h e  o p e r a t o r  d e f in e d
above , th e n  A = exp (Lg(A)) .
P r o o f . The f u n c t io n  exp L g ( \ )  i s  a n a l y t i c  on a (A) ,
so
exp (L g(A )) = 2^1 J exp (Lg ( \ ) ) ( \ - A ) - 1 d\
r
= X -C x-A j^dX
r
= a .
Thus i t  i s  p o s s i b l e  t o  r e c o v e r  th e  o p e r a t o r  A from 
th e  o p e r a t o r  Lg(A) .
P r o p o s i t i o n  3 . 2 . I f  a  p a t h  S from  0 t o  «> m is se s
a(An ) , n^O , th e n  A = exp Lg(An ))  .
P r o o f . The f u n c t io n  exp • Lg(xn ))  i s  a n a l y t i c  on 
o(A) , so
exp (n LS (An))  = 2^ r  J exp (n LS ^ n ) )r
2v i  I  exp ( L o ( \ ) ) ( \ - A ) “1d \ r °
4 0
-  air J
r
= a .
P r o p o s i t i o n  3 . 3 . I f  S i s  a  p a t h  from  0 t o  °° m is s in g  
a (A) , th e n  A and Lg(A) have e x a c t l y  th e  same i n ­
v a r i a n t  su b s p a c e s .
P r o o f . I f  i s  i n v a r i a n t  f o r  A , th e n  (X-A)- ’*' i s  
i n v a r i a n t  on ^  f o r  a l l  X e T b ecau se  r  l i e s  i n  th e  
unbounded component o f  P(A) . Thus I»g (A) i s  i n v a r i a n t  
on % .
C o n v e rse ly ,  i f  % i s  i n v a r i a n t  f o r  Lg (A) , i t  i s
a l s o  i n v a r i a n t  f o r  exp (Lg (A)) = A .
C o r o l la r y  3 . 4 . I f  S i s  a  p a t h  from 0 t o  00 m is s in g
o (A) , th e n
(a )  A i s  t r a n s i t i v e  i f f  Lg (A) i s  t r a n s i t i v e
(b) A i s  r e d u c t i v e  i f f  Lg(A) i s  r e d u c t i v e .
P r o o f . P a r t  (a )  i s  im m edia te  by P r o p o s i t i o n  3 . 3 .  Suppose 
A i s  r e d u c t iv e  and 7H i s  i n v a r i a n t  f o r  Lg (A) . Then
^  i s  i n v a r i a n t  f o r  A , so re d u c e s  A . The p r o ­
j e c t i o n  P w hich  maps H o n to  % commutes w i th  A , 
hence P commutes w i th  (X-A)"^ f o r  each  X e T , hence 
P commutes w i th  Lg (A) . T h is  means t h a t  % r e d u c e s  A .
C o n v e rse ly ,  I f  Lg(A) i s  r e d u c t iv e  and 7l[ i s  i n ­
v a r i a n t  f o r  A , th e n  % r e d u c e s  Lg (A) by P r o p o s i ­
t i o n  3 .3 .  T h is  means t h a t  P commutes w i th  Lg(A) > 
hence P commutes w i th  exp (Lg(A)) = A and 771 r e ­
duces A .
P r o p o s i t i o n  3 . 5 . I f  n^O and i f  S i s  a p a t h  from 0 
to  oo m is s in g  a (An ) , th e n  ev e ry  i n v a r i a n t  subspace  
f o r  An i s  i n v a r i a n t  f o r  A .
P r o o f . By P r o p o s i t i o n  3 .2  we have A = exp (—• Lg(An ))  . 
I f  % i s  i n v a r i a n t  f o r  An  , i t  i s  a l s o  i n v a r i a n t  f o r  
Lg(An ) by P r o p o s i t i o n  3 .3 .  Thus i t  i s  a l s o  i n v a r i a n t  f o r
exp (n ' LS<A)) = A •
I f  n > 0 , th e  c o n v e rse  o f  P r o p o s i t i o n  3 .5  i s
i
c l e a r l y  t r u e . I f  n  < 0 and i f  S i s  a p a t h  from 0 
t o  oo m is s in g  a(A) , th e n  e v e ry  i n v a r i a n t  subspace  f o r
A i s  i n v a r i a n t  f o r  A-1  by P r o p o s i t i o n  2 .7 ,  and so i s
i n v a r i a n t  f o r  An . Thus we have:
C o r o l la r y  3 . 6 . (a)  I f  n  < 0 and i f  S and  S* a r e
p a th s  from 0 t o  00 m is s in g  a (A) and cr(An ) r e s p e c ­
t i v e l y ,  th e n  A and An have e x a c t l y  th e  same i n v a r i a n t  
su b sp a c e s .
(b) I f  n > 0 and i f  S i s  a  p a t h  from 0 t o  oo m is -
s in g  o(An ) , th e n  A and An have e x a c t l y  th e  same 
i n v a r i a n t  sub s p a c e s .
P r o p o s i t i o n  3 . 7 . I f  n^O , i f  S i s  a  p a t h  from 0 to
<» m is s in g  0(An ) > and i f  A i s  r e d u c t i v e ,  th e n  An
i s  r e d u c t i v e .
P r o o f . I f  An i s  i n v a r i a n t  on % , th e n  so i s  A by 
P r o p o s i t i o n  3 .5 .  Thus t h e  p r o j e c t i o n  P o n to  7!\ com­
m utes w i th  A , hence i t  commutes w i th  An . I t  f o l lo w s
t h a t  An  i s  r e d u c t i v e .
P r o p o s i t i o n  3 . 8 . (a )  I f  n  > 0 , i f  S i s  a  p a t h  from 
0 t o  oo m is s in g  a(An ) , and i f  An  i s  r e d u c t i v e ,  th e n  
A i s  r e d u c t i v e .
(b) I f  n  < 0 , i f  S and S* a r e  p a th s  from 0 t o  
oo m is s in g  a(A) and o(An ) r e s p e c t i v e l y ,  and i f  An  
i s  r e d u c t i v e ,  th e n  A i s  r e d u c t i v e .
P ro o f  o f  ( a ) . Suppose fn i s  i n v a r i a n t  f o r  A . Then
% i s  a l s o  i n v a r i a n t  f o r  An , so by o u r  h y p o th e s i s ,  % 
i s  i n v a r i a n t  f o r  (A*)n = (An )*  . The p a t h  S’ = e S}
m is s e s  cr((A ) ) , so 7ft i s  i n v a r i a n t  f o r  A by
P r o p o s i t i o n  3 . 5 .  T h is  p ro v e s  t h a t  A i s  r e d u c t i v e .
P ro o f  o f  ( b ) . Suppose 7ft i s  i n v a r i a n t  f o r  A . By
C o r o l l a r y  3 . 6  ( a )  i s  a l s o  i n v a r i a n t  f o r  An  . S i n c e
A i s  r e d u c t i v e ,  ?/j i s  i n v a r i a n t  f o r  (A ) , and a g a in
^ T1S i s  a  p a t h  from 0 to  «> m is s in g  a ((A ) ) , so 7ft
*i s  i n v a r i a n t  f o r  A by P r o p o s i t i o n  3 . 5 .  Thus i n  t h i s  
c a se  we a l s o  have shown t h a t  A i s  r e d u c t i v e .
One consequence  o f  P r o p o s i t i o n  3 .5  i s  t h i s :  I f  S
i s  a  p a t h  from 0 t o  °° m is s in g  <?(a ) , n^O , and i f
A i s  t r a n s i t i v e ,  th e n  An i s  t r a n s i t i v e .  -Our n e x t  r e ­
s u l t  w i l l  show, i n  p a r t i c u l a r ,  t h a t  no non^-zero power o f  
a  t r a n s i t i v e  o p e r a t o r  can  have a  f i n i t e - d i m e n s i o n a l  i n ­
v a r i a n t  su b sp a c e .
P r o p o s i t i o n  3 . 9 . I f  A i s  a  r e d u c t i v e  n o r m a l - f r e e  o p e r ­
a t o r  on H and n^O , th e n  any p r o p e r  i n v a r i a n t  su b sp ace  
f o r  An m ust be i n f i n i t e - d i m e n s i o n a l .
P r o o f . We w i l l  suppose  t h a t  An h as  a  f i n i t e - d i m e n s i o n a l  
i n v a r i a n t  sub space  7H and show t h a t  we must have 7H -  ( 0 )
V It
F i r s t  we n o te  t h a t  A (flj), th e  image o f  7K u n d e r  A , i s  
f i n i t e - d i m e n s i o n a l  f o r  e v e ry  k  e Z . I f  n > 0 we w i l l  
l e t  57^  = % + A(tfj) + • • •  + An - 1 (??0 , th e  l i n e a r  m a n ifo ld  
g e n e ra te d  by th e  m a n ifo ld s  {A^(Wl):0 < k  < n - l )  . N o tic e  
t h a t  7%^  i s  f i n i t e - d i m e n s i o n a l  and hence 7ftn  i s  c lo s e d  
( i . e . ,  ^  i s  a  s u b s p a c e ) .  A lso  ^  i s  i n v a r i a n t  f o r  A
b e c au se  A(An '*1 ({9J)) = An (5n) c  ^  . B ecause A i s  r e d u c t i v e ,
th e  r e s t r i c t i o n  o f  A to  7/^  - i s  r e d u c t i v e .  However, 
any r e d u c t iv e  o p e r a t o r  on a  f i n i t e - d i m e n s i o n a l  space  
m ust be no rm al ( c f .  Ando [ 1 ] ) .  Thus we must have 
^  = {0) and 7K = {0) , b ec au se  A i s  n o r m a l - f r e e .
I n  th e  ca se  w here n  < 0 , we o n ly  need  to  n o te  t h a t  
An (??i) c  im p l ie s  7H c  A“n (#|) , and s in c e  A“n  ca n n o t 
i n c r e a s e  d im ension  we have = A~n ($) . Thus Wj i s  i n ­
v a r i a n t  f o r  A-n  and -n  > 0 . Now th e  p r o o f  f o r  p o s i t i v e  
powers a p p l i e s  and we co n c lu d e  t h a t  Wl = {0 ) .
CHAPTER. IV 
RESOLVENT TECHNIQUES
T h is  c h a p te r  grew o u t  o f  an  a t te m p t  to  f i n d  i n v a r i a n t  
su b sp a c e s  f o r  q u a s i n i l p o t e n t  o p e r a t o r s .
R e c a l l  t h a t  th e  r e s o l v e n t  f u n c t io n  X -» (x -A )“'L o f  
an o p e r a t o r  A on H i s  an a n a l y t i c  f u n c t io n  d e f in e d  
on th e  open s e t  p(A) . T h is  means t h a t ,  f o r  any two 
v e c t o r s  x and y i n  H , th e  f u n c t io n  X ■* ((X-A) *^x,y) 
i s  a n a l y t i c  on P(A) . For |X | > ||A|| th e  e q u a t io n  
(X-A)~ = £ X"p “ A i s  v a l i d ,  w here th e  s e r i e s  co n v e rg es
p=0
i n  th e  u n ifo rm  to p o lo g y  on B(H) . T h is  g iv e s  th e  L a u re n t  
e x p a n s io n
( 4 .1 )  ( (X-A)- 1x ,y )  = S ( k V x , y ) X ~ v ~ 1  , |XI > ||A|| .
p=0
By ' 1 r e s o l v e n t  t e c h n i q u e s 11, we w i l l  mean g row th  
c o n d i t i o n s  on t h e  r e s o l v e n t  f u n c t i o n .  These have been  
i n v e s t i g a t e d  by s e v e r a l  o t h e r s  p r e v i o u s l y .  The r e a d e r  
i s  r e f e r r e d  t o  Putnam [1 9 ]  and S ta m p f l i  [2 1 ]  and t o  t h e i r
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b i b l i o g r a p h i e s  f o r  f u r t h e r  in f o rm a t io n .  An o p e r a t o r  w i l l  
be c a l l e d  a  (Gn ) o p e r a t o r  i f  th e  i n e q u a l i t y
( 4 .2 )  || ( ^ -A )”1 || < K / ( d i s t  0 , o ( A ) ] ) n
i s  s a t i s f i e d  f o r  some p o s i t i v e  i n t e g e r s  K and n  f o r  
a l l  X e p(A) . I f  t h i s  i n e q u a l i t y  i s  s a t i s f i e d  on a  s e t  
U H P(A) , w here H i s  a  n e ig h b o rh o o d  o f  a(A) , we 
w i l l  say  t h a t  A i s  l o c a l l y  (Gn ) . I f  XQ e a(A) , and 
i f  t h e r e  e x i s t s  a  n e ig h b o rh o o d  V. o f  x0 such  t h a t  ( 4 .2 )  
h o ld s  i n  K n P(A) , we w i l l  say  t h a t  A i s  (Gn ) a t  
XQ . Thus a  l o c a l l y  (Gn ) o p e r a t o r  i s  (Gn ) a t  each  
p o i n t  i n  i t s  sp ec tru m , and c o n v e r s e ly ,  i f  an o p e r a t o r  i s  
(Gn ) a t  ea ch  p o in t  i n  i t s  sp ec tru m  i t  i s  l o c a l l y  (Gn ) .
I f  XQ e ct(A) , and i f  (^^3^=1 i s  a  sequence  i n  p(A) 
c o n v e rg in g  t o  x Q such  t h a t  i n e q u a l i t y  ( 4 .2 )  h o ld s  f o r  
ea ch  \ k , we w i l l  say  t h a t  A i s  s e q u e n t i a l l y  (Gn ) 
a t  XQ . A s e q u e n t i a l l y  (Gr ) o p e r a t o r  i s  an o p e r a t o r  
w hich  i s  s e q u e n t i a l l y  (Gn ) a t  each  p o i n t  i n  i t s  sp e c tru m . 
C l e a r ly ,  A i s  s e q u e n t i a l l y  (Gn ) a t  XQ i f  i t  i s  l o c a l ­
l y  (Gn ) X0 •
A w eaker g row th  c o n d i t i o n  on an o p e r a t o r  A i s  g iv e n  
by th e  i n e q u a l i t y
(4 .3 )  | ( (X - A ) - 1x , y ) |  < K / [ d i s t  (X ,a (A )]n ,
whore x,.y II aiKi K,n a r e  p o s i t i v e  I n t e g e r s .  An o p e r ­
a t o r  w hich s a t i s f i e s  ( ^ .3 )  on p(A) w i l l  be c a l l e d  a
(Gn , x , y )  o p e r a t o r .  We can d e f in e  t h e  n o t io n s  o f  l o c a l l y  
(Gn , x , y ) ,  (Gn , x , y ) a t  \ Q e a(A) , s e q u e n t i a l l y  (Gn , x , y )
a t  \ q e a ( a ) , and s e q u e n t i a l l y  (Gn , x , y )  i n  a  manner 
an a lo g o u s  to  t h e  c a se  f o r  (Gn ) o p e r a t o r s  above.
I t  has been  shown t h a t  e v e ry  hyponorm al o p e r a t o r  A 
( t h a t  i s ,  A*A-AA* i s  p o s i t i v e )  i s  a  (G^) o p e r a t o r  
( c f .  [ 1 8 ] ,  p .  5 8 ) .  A (G1 ) o p e r a t o r  i s  l o c a l l y  (Gn ) 
f o r  n > 1 ; s im ply  l e t  K = (z  e P (A ): d i s t  ( z ,a ( A ) )  < 1}
Thus we have many exam ples o f  o p e r a t o r s  w hich  s a t i s f y  th e
above r e s t r i c t i o n s .  I t  i s  e a sy  to  show t h a t  any o f  th e  
above r e s t r i c t i o n s  a r e  i n v a r i a n t  u n d e r  t r a n s l a t i o n s  and 
m u l t i p l i c a t i o n  by n o n -z e ro  s c a l a r s ,  so i f  A s a t i s f i e s  
one o f  th e  above r e s t r i c t i o n s  so  do a+A and PA f o r  
P 4  0 .
An im p o r ta n t  and s t i l l  u n so lv e d  p rob lem  i s  th e  q u e s ­
t i o n  o f  w h e th e r  o r  n o t  e v e ry  q u a s i n i l p o t e n t  o p e r a t o r  has 
a  p ro p e r  i n v a r i a n t  su b sp a c e .  I n  w hat f o l lo w s ,  we w i l l  
impose a  g ro w th  c o n d i t io n  o f  th e  ty p e  ( ^ . 2 ) on a  q u a s i n i l ­
p o t e n t  o p e r a t o r .  The r e s u l t  o b ta in e d  shows t h a t  t h i s  i s  
a  v e ry  s t r o n g  r e s t r i c t i o n  on a  q u a s i n i l p o t e n t  o p e r a t o r .
I t  f o r c e s  th e  o p e r a t o r  t o  be n i l p o t e n t .
Note t h a t  f o r  th e  c a se  o f  a q u a s i n i l p o t e n t  o p e r a to r
48
A we have d i s t  [ \ , a ( A ) ]  -  | \ |  .
P r o p o s i t i o n  4 . 1 . I f  A i s  q u a s i n i l p o t e n t ,  and i f  t h e r e
e x i s t s  a  n e ig h b o rh o o d  o f  0 and an a n a l y t i c  f u n c t io n  
f ( x )  on such  t h a t  | | f  (x.) ( \ - A ) ” 'L|| < K f o r  some con­
s t a n t  K and f o r  a l l  0 4  X € K > th e n  A i s  n i l p o t e n t .  
C o n v e rse ly ,  i f  A i s  n i l p o t e n t  o f  o r d e r  N , th e n  
||XN(X-A )-1 || i s  bounded i n  a  n e ig h b o rh o o d  o f  0 .
P r o o f . Suppose f(X) i s  a n a l y t i c  and | |f(X ) (x-A)'"'L|| < K  
i n  some n e ig h b o rh o o d  V. o f  0 . T h is  f o r c e s  f ( 0 )  = 0  ,  
b ec au se  | | ( \ - A ) ”'L|| -» 00 a s  \  •+ 0 . L e t f(X ) = X^ • g (X ), 
w here g (0 )  ^  0 . We may assume t h a t  g (x )  i s  bounded 
away from 0 on ty so t h a t  | | \ ^  • (X-A) 1 || i s  bounded
on H by K / in f  C |g ( x ) | :  X e ty} . Now, f o r  any two v e c ­
t o r s  x and y i n  H , th e  f u n c t io n  (XN(X.-A) ~'1'x ,y )  i s  
bounded i n  th e  n e ig h b o rh o o d  , so  i t  has a  rem ovable 
d i s c o n t i n u i t y  a t  0 . I t  f o l lo w s ,  by th e  Cauchy i n t e g r a l  
theo rem , t h a t  (ANx ,y )  = 73-^- J  (xN • (X-A)_1x,y)dX  = 0
r
where r i s  any cu rve  i n  H c o n t a in i n g  0 in  i t s  i n t e r i o r .
S in c e  x and y a r e  a r b i t r a r y ,  we have A1^ = 0 .
C o n v e rse ly ,  suppose A1^ = 0 . Then f o r  X /  0 , we 
, N - l  n 
have (X-A) = E X Ap and
p=0
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| | \ N(X-A)_1|| = \\*Z ApxN“p_1 || < N21 ||Ap || f o r  | x |  < 1
p=0 ~' p=0
Thus we see  t h a t  a  q u a s i n i l p o t e n t  o p e r a t o r  A i s  
n i l p o t e n t  i f f  i t  i s  l o c a l l y  (Gn ) f o r  some n . For 
s e q u e n t i a l l y  (&n ) o p e r a t o r s  o u r  r e s u l t s  a r e  n o t  a s  im­
p r e s s i v e  .
P r o p o s i t i o n  4 . 2 . I f  A i s  s e q u e n t i a l l y  (Gn ) and n i l p o t e n t  
o f  o r d e r  m , th e n  m <! n .
.  00 , , _
P r o o f . We have a  sequence  j  J c o n v e r g i n g  t o  0
H U  o h  t . h n t .  II f X  £  T C / l x  J n  f n v  1= 1. .  P . . . .  .  S i n c e
c la im e d .
T h is  means t h a t  a  s e q u e n t i a l l y  (Gn ) n i l p o t e n t  o p e r ­
a t o r  i s  l o c a l l y  (G ) . I n  p a r t i c u l a r ,  a  s e q u e n t i a l l y
A = 0  we have (X .-A )"1*- = . 2. x l p " Ap , so
3 p=0 3
o  m_1 «  i «  m -1  t
||X?( 2 Xj A )|| = || 2 X“ "P_1AP || < K . I f  m > n  , we
J p=0 d p=0 3 —
m—2
have ||XrJ"mAm~1 || -  || 2 X1?"15”^ ! !  < K , b u t  t h i s  i s  im-
3 p=0 3 —
p o s s i b l e  b ecau se
| | x n - n Am - l | |  .  y s
p=0
•||AP || , and th e  r i g h t  hand s id e  o f  th e  above i n ­
e q u a l i t y  becomes i n f i n i t e  a s  Xj -> 0 . Hence m < n  a s
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(G^) n i l p o t e n t  o p e r a t o r  must bo th e  z e ro  o p e r a t o r .  A 
s i m i l a r  r e s u l t  by B. Wadhwa [22 ]  s t a t e s  t h a t  any se q u en ­
t i a l l y  (G^) a l g e b r a i c  o p e r a t o r  i s  n o rm al.
P r o p o s i t i o n  4 . 3 . I f  A i s  q u a s i n i l p o t e n t  and seq u en ­
t i a l l y  (Gn ) , t h a t  i s ,  i f  A i s  q u a s i n i l p o t e n t ,
\ k -♦ 0 and ||xk ( \ k -A )- 1 || i s  bounded, th e n  ||An (xk -A) _1|| 
i s  bounded. I n  p a r t i c u l a r ,  0 i s  an ap p ro x im a te  e ig e n v a lu e  
f o r  A .
P r o o f . S in c e  A i s  q u a s i n i l p o t e n t  we have (Xk -A )- ^ =
= Z \ t P_1Ap . L e t  K be a  bound f o r  ||Mr(Xir“A )- 1 || .
p=0 K
Then K > «x“ ( 2 xrP-^APjII = || 2 > || E X ^ ' V l l  -
-  p=0 p=0 p=n
- II Z Xv A II • There i s  no l o s s  o f  g e n e r a l i t y  i n
p=0 .
V
assum ing t h a t  lx kl < 1 f o r  each  k  . Then
IjHs1X^“P - 1AP || < n ^1 ||AP || . I f  we l e t  K* = K + *2  ||AP || 
p=0 K -  P=0 p=0
we have || Z x£"P " 1AP |l-= || ^  xk P "1An+P||5=||An ( B XkP_1AP ) || = 
p=n p=0 p=0
= llAn(^k*’A  ^ — K' as  ^e s ^r e d * Next we w i l l  
show t h a t  0 e 7r(An ) . S in c e  || (xk “A) ^\\ -* 00 as  k -♦ °°
we may assume || (Xk “ A.)- 1 || > k . Then we can f i n d  a  u n i t
*-1v e c t o r  x fc such  t h a t  || (Xk -A) xk || > k  . L e t
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_ (xk~A>
K ’ || (xk-A) ' lxJ
I t  f o l lo w s  t h a t
1— ” ll< £  *  0 a s  k  00 and 0 e 7r(An )
a s  c la im e d .  Now by Problem  59 o f  [ 1 2 ] ,  ^ (A 31) = [7r(A)]n  =
= (0 )  so ir(A)  = {0} and th e  p r o o f  i s  co m p le te .
A g ro w th  c o n d i t i o n  more c l o s e l y  r e l a t e d  t o  t h e  p r o ­
blem o f  f i n d i n g  i n v a r i a n t  su b sp a c e s  f o r  q u a s i n i l p o t e n t  o p e r ­
a t o r s  i s  g iv e n  by th e  i n e q u a l i t y  ( ^ . 3 ) .  We f i r s t  p ro v e  
th e  f o l lo w in g  r e s u l t  f o r  an a r b i t r a r y  o p e r a t o r  i n  33(H) .
P r o p o s i t i o n  4 . 4 . I f  A e B(H) , x and y a r e  n o n -z e ro  
v e c t o r s  i n  H , and  th e  f u n c t i o n  X ■* ( ( \ - A ) ~ ^ x , y )  on 
p(A) h as  a  m erom orphic e x te n s io n  to  t h e  e n t i r e  complex 
p l a n e ,  th e n  A has  a  p r o p e r  i n v a r i a n t  su b sp a c e .
P r o o f . Suppose f(X ) = ( (X-A) “^x^y) has a meromorphic
e x te n s io n  F(x) t o  a l l  o f  C . L e t ai ' * ' , >an be biie
d i s t i n c t  p o le s  o f  F , and l e t  be th e  o r d e r  o f  th e
1 n Y,
p o le  a t  cu f o r  i = l ,  •* * ,n  . L e t G(x)  = [ H (X-ct^) ] F ( x )  .
Then G(x)  i s  a n a l y t i c  on a l l  o f  C . For any p o s i t i v e  
i n t e g e r  m , and any cu rv e  C i n  P(A) e n c lo s in g  
a (A) 3 we have
i = l
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(Am[ n  (A -c^) ^ x . y )  = J u ”  n  [ ( X - a 1 )Y l] ( x - A ) " 1x , y ) d \
i —1 p i —1
=■ 2^: I = o .
r
n Y±
S in ce  y ^  0 , t h e  v e c t o r  II (A -a^ ) x i s  n o t  c y c l i c
i = l  1
f o r  A . I f  t h i s  v e c t o r  i s  n o n -z e ro ,  A has  a  p ro p e r
n y *
i n v a r i a n t  su b sp a c e ,  nam ely V(Am II (A-cl, ) 1x: m e z+ U {0)} .
i = ln Y.
I f  TI ( A a . ) x = 0 th e n  one o f  t h e  numbers cu i s  an 
i = l  1 1
e ig e n v a lu e  f o r  A and a g a in  A has  a  p ro p e r  i n v a r i a n t  
su b sp a c e .
The n e x t  r e s u l t  i s  a  c o n v e rs e  to  P r o p o s i t i o n  4 .4 .
P r o p o s i t i o n  4 . 3 . I f  A e B(H) h as  a  p ro p e r  i n v a r i a n t  
su b sp a c e ,  th e n  t h e r e  e x i s t  n o n -z e ro  v e c t o r s  x ,y  e H such  
t h a t  th e  r e s t r i c t i o n  o f  t h e  f u n c t io n  f ( x )  = ( (X-A)“^ x ,y )  
to  t h e  unbounded component o f  p(A) has  a meromorphic 
e x t e n s io n  t o  a l l  o f  C .
P r o o f . Suppose i s  a  p r o p e r  i n v a r i a n t  su b sp ace  f o r
A . Choose n o n -z e ro  v e c t o r s  x e ^  and y 6 I f f  • By
P r o p o s i t i o n  2 .6 ,  = 0 f o r  a l l  X i n  th e
unbounded component o f  P(A) . Thus F (x) = 0 f o r  a l l  
X e c i s  a  m erom orphic e x te n s io n  to  a l l  o f  C .
Thus, i n  th e  c a s e  w here o(A) i s  a  f i n i t e  s e t  o f
p o i n t s ,  A has a  p r o p e r  i n v a r i a n t  su b sp ace  i f f  f o r  some 
v e c t o r s  x ,y  ^  0 th e  f u n c t i o n  X -♦ ( (x -A )_1x ,y )  d e f in e d  
on P(A) has  a  p o le  ( p o s s ib ly  o f  o r d e r  0) a t  each  
p o i n t  in  o(A) . For a  q u a s i n i l p o t e n t  o p e r a t o r  A , we 
have •
C o r o l la r y  4 . 6 . I f  A i s  q u a s i n i l p o t e n t ,  th e n  A has a 
p r o p e r  i n v a r i a n t  subspace  i f f  | ( (X-A)-1 x , y ) |  < K / |X |n  
f o r  some c o n s t a n t s  K and n  and f o r  X in  some n e ig h ­
borhood  U o f  0 , t h a t  i s ,  A i s  l o c a l l y  (Gn * x ,y )  
f o r  some n o n -z e ro  v e c t o r s  x ,y  e H and some n  .
Thus we see  t h a t  a  t r a n s i t i v e  o p e r a t o r  on a  s e p a r a b le  
i n f i n i t e - d i m e n s i o n a l  H i l b e r t  sp a c e  ( i f  one e x i s t s )  must 
be b a d ly  b ehaved . That i s  t o  sa y , f o r  any p a i r  o f  non ­
ze ro  v e c t o r s  x ,y  e H , th e  f u n c t i o n  X -» ((x -A ) ^ x ,y )  
m ust have an e s s e n t i a l  s i n g u l a r i t y  a t  \  = 0 .
In  l i g h t  o f  th e  bad  b e h a v io r  o f  t r a n s i t i v e  q u a s i n i l ­
p o t e n t  o p e r a t o r s  a s  w i tn e s s e d  above, i t  i s  c l e a r  t h a t  a  
t r a n s i t i v e  q u a s i n i l p o t e n t  o p e r a t o r  on a  s e p a r a b le  i n f i ­
n i t e - d i m e n s i o n a l  H i l b e r t  sp ace  m ust be s e q u e n t i a l l y  
(GR, x , y )  f o r  any i n t e g e r  n > 0 , and f o r  any v e c t o r s  
x ,y  e H . T h is  i s  t r u e  b e c a u se  th e  f u n c t io n  
X -♦ ( (x -A )" '1'x ,y )  has v a lu e s  a r b i t r a r i l y  c lo s e  to  0 in  
any n e ig h b o rh o o d  o f  0 . Thus th e  n o t i o n  o f  s e q u e n t i a l l y
(Gn *:x>y) o p e r a t o r s  w i l l  n o t  a i d  th e  s e a r c h  f o r  i n v a r i a n t  
su b sp a c e s  f o r  q u a s i n i l p o t e n t  o p e r a t o r s .  I n  f a c t ,  we have 
t h e  f o l lo w in g  r e s u l t :
P r o p o s i t i o n  4 . 7 . I f  t h e  d im ension  o f  H i s  g r e a t e r  th a n  
1 , and  i f  A i s  a  q u a s i n i l p o t e n t  o p e r a t o r  on H , th e n  
A i s  s e q u e n t i a l l y  (GQ, x , y )  f o r  some n o n - z e ro  v e c to r s  
x and y in  H .
P r o o f . I f  A has  a  p r o p e r  i n v a r i a n t  su b sp a c e ,  we choose  
n o n - z e ro  v e c t o r s  x  e 7K and y  e 7HX . Then f o r  any s e ­
quence {Xk 3 c o n v e rg in g  t o  z e ro  we have ( (xk -A)""'Lx ,y )  = 0 
I f ,  on t h e  o t h e r  hand, A has no p r o p e r  i n v a r i a n t  su b ­
s p a c e s  we choose x and y a r b i t r a r i l y .  S in c e  th e  f u n c ­
t i o n  \  ( (X-A) ’"1x ,y )  has  an e s s e n t i a l  s i n g u l a r i t y  a t  0 ,
we can  choose  a  sequence  {Xk 3 c o n v e rg in g  t o  z e ro  such  
t h a t  | ( (Xk -A )_1x , y ) |  < 1 f o r  each  k  .
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